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1. Introduction

Since their first observation [1,2], Bose-Einstein condensates have
become a powerful experimental framework for the study of waves and
excitations in superfluids and nonlinear systems. The study of wave re-
lated structures (solitons, vortices) and their stability is an active area
of research, and many efforts have been devoted to the developments of
new experimental techniques for the creation and the study of new ex-
cited states. We can mention the use of rotation [3,4], imprinting tech-
niques manipulating the phase of the wave function [5,6], counterflows
techniques [7], the use of anisotropic potentials [8] or multicomponent
BEC settings [9]. A large variety of wave or vortex-related states could
be thus obtained. Basic examples refer to single vortex lines (with I-,
U- or S- shape) in rotating BEC [10], vortex rings and one-dimensional
solitons. More complex states with multiple vortex rings, vortex stars,
hopfions and solitons can be created [11-13]. In multicomponent BECs,
dark-bright [14] and dark-antidark [15] states can be also obtained.

The main application of the programs presented in this paper is the
study of the stability of such solitary waves or vortex states that are
theoretically or numerically found as stationary solutions to the Gross-
Pitaevskii (GP) equation [16,17]. The linearization of the GP equation
around a given stationary solution results in the Bogoliubov-de Gennes
(BdG) system of equations [18]. Solving the BdG eigenvalue problem
provides linear modes, for which their stability could be studied. The
present toolbox thus contains two distinct parts: the computation of
stationary solutions of the GP equation (or a system of coupled GP equa-
tions) and the computation of complex eigenvalues and modes for the
associated BdG system.

Concerning the computation of stationary states of the GP equation,
a large variety of discretization methods were suggested in the open
literature: spectral methods [19-21], finite-elements [22,23] or finite-
differences [24-29]. Programs written in Fortran [19,24], C [25,26],
Matlab [20,26,21,28], FreeFem++ [23] or C and Fortran with OpenMP
[29] have been shared. All these works use a common approach to the
problem, which is to find the stationary states of the GP equation under
the constraint of the total mass conservation (i.e. the L2-norm of the
wave function is fixed). When studying the stability of excitations in
the BdG framework, another approach is commonly adopted: the chem-
ical potential is used as a convenient parameter to explore all possible
states (and bifurcations) and thus the total mass varies from one state
to another. This second approach has been already applied with finite
elements [15,30,14,31], finite differences [14,13,12] or spectral meth-
ods [13] and will be used in this work. To solve the BAG eigenvalue
problem, specialized libraries are generally used: ARPACK [32], SLEPc
[33] or FEAST [34]. Such libraries offer the flexibility to be easily inter-
faced with different types of discretization, since only final matrices of
the eigenvalue problem are needed. A mathematical study of the BdG
equation with numerical comparisons between spectral and finite dif-
ference discretizations has been recently reported in [35].

To the best of our knowledge, FACt [Fluctuations in Atomic Con-
densates, 36] is the only publicly accessible code for the BAdG problem.
It considers thermal excitations of the BECs at non-zero temperatures
by solving the BdG equation in two component BECs with a pseudo-
spectral method. The present FreeFem++ toolbox uses a different (PDE-
oriented) formulation of the problem and has the advantage to hide
all technicalities related to the implementation of the finite-element
method and the interface with eigenvalue libraries (such as ARPACK)
[37]. The user can thus focus on the physical and mathematical model,
and eventually on the numerical algorithm solving the problem. The
high level programming language offered in FreeFem++ and the syntax
close to mathematical formulations make the implementation of numer-
ical algorithms very easy. Finite elements algorithms were successfully
used to solve the GP equation [38,23] or the BdG problem [15] and
recently to identify vortices in a quantum field [39]. Another advan-
tage of the present toolbox is to use mesh adaptivity to reduce the mesh
size and the computational time. Solving the BAG problem for complex
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cases becomes thus possible using personal computers. The computed
BdG modes could be further used as initial conditions for starting real-
time dynamics simulations using the time-dependent GP equation. The
outputs of this toolbox could thus be used with any available code for
the time-dependent GP equation. A large variety of such codes exists in
the CPC library [e.g. 24-26,28,40,29].

The structure of the paper is as follows. In Sect. 2, we introduce the
GP and BdG models. Sections 3 and 4 describe the numerical meth-
ods used for the computation the stationary states and BdG modes.
We present various benchmarks used for the validation of our codes
in Sects. 5 and 6. The architecture of the programs and a description of
parameter and output files are given in Sect. 7. Finally, we summarize
the main features of the toolbox and present some possible extensions
in Sect. 8.

2. The Gross-Pitaevskii model and Bogoliubov-de Gennes
equations

2.1. The Gross-Pitaevskii equation

In the zero temperature limit, the Gross-Pitaevskii equation de-
scribes the time-evolution of the complex-valued macroscopic wave
function y : D — C, with D € R? the domain of the d-dimensional con-
densate (d =1,2,3):

0 2
inY - _h

ot —_EVZW-"VlrapW"'gllI/les (1)

where Vi, () is the external trapping potential, 7 the reduced Planck
constant and m the atomic mass. The nonlinear term models the inter-
action between atoms, and for d =3 (3D condensate) g = W‘T'“, with
a, the scattering length. We consider the case of harmonic trapping po-
tentials:

Virap(X) = % (a)ixz + wiy2 + wizz) s (2)

where o, w,,®, are trapping frequencies. In several BEC experiments,
the ratio between trapping frequencies justifies the so-called dimension-
reduction [41,42] and the description of condensates with one- (d = 1)
or two-dimensional (d =2) GP equation. For example, in experiments
reported in [15] the BEC is confined in a highly elongated, cigar-shaped
harmonic trap with frequencies (o,,®,,,) = 27(1.4,176,174) Hz; the
100:1 aspect ratio ensures effectively one-dimensional dynamics in BEC.
For d =1 or 2, the nonlinear interaction constant g is specified accord-
ing to the dimension reduction.

The atomic density n(x) = |y(x)|> vanishes outside the condensate
due to the trapping, which implies that homogeneous Dirichlet bound-
ary conditions should be imposed for the wave function (y =0 on 90D).
The corresponding GP energy is:

h2
Ew) = / <E [V (8,01 + Vi (0l (x, 1) + %lw(x,z)r‘) dx, 3
D
and the total number of atoms:

N(w)=/wwx=/|w|2dx, Q)
D D

where y denotes the complex conjugate.

Stationary solutions to the GP equation (1) are obtained by imposing
the form
y(x,1) = pxe 5, ®)
with u the chemical potential. The stationary wave function ¢ is then

solution of the stationary GP equation:

2
3 Vbt Vg + 818 = . ®)
m
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Note that from (5) we infer that |y|? = |¢|?> and thus N(¢) = N(y) and
E(y) = E(¢). The chemical potential is related to the number of atoms
by the relation:

_ 1 & 4
= £(¢)+2D/|¢| dx|. @

In this work, we compute stationary solutions for fixed values of
the chemical potential u. Branches of solutions are followed by con-
tinuation on u. To catch such branches, two limits associated to the
value of u can be considered as initial condition. In the case of low
density (corresponding to a small number of particles), the nonlin-
ear term in (1) can be neglected to obtain the linear GP equation. In
the case of an harmonic potential (2), y can then be described as an
eigenstate of the quantum harmonic oscillator. Using a separation of
variables, these eigenstates can be written as a product of Hermite and
Laguerre polynomials or spherical harmonics, depending on the dimen-
sion and the coordinate system. As an example, for the 2D BEC with

trapping potential (2) with o, =, = @, the eigenstates formulated
1

in Cartesian coordinates are |k,/) «x H k(\/w_lx)H 1(\/‘”_J_ y)e 2
where H,;, H, are Hermite polynomials; k and / index the eigenstates
and correspond to the number of cuts in the condensate along the x and
y axes respectively. Solutions in the linear limit corresponding to vari-
ous exited states of the condensate have been analysed in many studies
[e.g. 11,30].

The other limit is the Thomas-Fermi limit, associated to large values
of u. In this case, the kinetic energy becomes negligible when compared
to the nonlinear term. The stationary GP equation (6) reduces to:

o) (2+y?)
bl

1=V + gD 0, ®

which gives an analytical expression for the atomic density:

1
nig = |ypl* = E(ﬂ = Vieap)+- (©)
2.2. The Bogoliubov-de Gennes equation

The Bogoliubov-de Gennes model is based on the linearisation of (1)
assuming that:

W, 0) = ($(x) + 6p(x, )7, (10)

where ¢(x) is a stationary state satisfying Eq. (6) and 6¢ a small pertur-
bation. Inserting (10) in (1), we obtain, after neglecting second order
terms in §¢, an evolution equation for the perturbation 5¢:

in%S% = 3o~ pop + 2616 50 + 56753, an

where we denoted by
h2
=L, a2
the linear part of the Hamiltonian. Considering perturbations of the
form
Sp(x,1) = A(x)e™ " + B(x)e'™, 13)

we obtain, after separating terms in e~ and “’, the Bogoliubov-de
Gennes (BdG) system of equations [18,43]:

H— pu+2g|9l? g¢* (A) <A>
_ = h . a4
< —¢p —(H—M+2g|¢|2)> B)~"“\B

Note that the BAG equation (14) is a linear eigenvalue problem, since ¢
is fixed and H is a linear real operator. The present toolbox computes,
for a given complex stationary state ¢ € C, solutions (w, A, B) to the BdG
equation (14), with o denoting complex eigenvalues and (A, B) complex
eigenvectors.
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The following properties of the BAG eigenvalue problem can be ob-
tained by elementary manipulations and will be useful to check the
accuracy of calculations:

1. If (w, A, B) is solution to (14), then (—@, B, A) is also a solution. This
property is obtained by taking the conjugate of (14).

2. =0 is always an eigenvalue (the zero-energy mode). It can be
checked that the full solution is (0, a¢,—a$),a € C [18] and rep-
resents, following (13), a time invariant (small) excitation §¢ =
(a — a)¢. This corresponds in (10) to a gauge transformation and,
consequently, it does not add any physical excitation to the system.

3. w is also an eigenvalue. If ¢ € R, it is easy to see from (14) that
(@, A, B) is also a solution. For the general case of ¢ € C this prop-
erty also holds and it can be proved using the Hamiltonian nature
of the problem [43].

4. If we multiply the first equation of the system (14) by A and the
second by B, integrate over the domain D and then sum the two
equations, we obtain that:

58=hw/(|A|2—|B|2)dxeR, (15)
D

which is generally presented in the literature in the equivalent form
[44,18,35]:

(w—a)/(|A|2—|B|2)dx=o. 16)
D

From (15) or (16) we can draw two main observations that are im-
portant to interpret the results of the BdG analysis:

1. If the BdG modes are normalized such that [, (|A|? - |B|?) dx #0,
then we infer from (16) that only real eigenvalues are possible.
These correspond to elementary excitations. A mathematical study
of the properties of the BAG modes when w and ¢ are real is offered
in [35]. Moreover, the quantity §& in (15) represents the energy
difference between the stationary y and the perturbed state y +
Sy [18]. The Krein signature K was introduced as the sign of the
energy difference, K = sign(6€) [45]. If K > 0 for all modes, then
¢ is the global minimum of the energy, i.e. the ground state. On
the contrary, if there exists a mode with K <0, then the excitation
reduces the energy of the system and the stationary state is thus
energetically unstable, i.e. excited state (or local minimum of the
energy).

2. If /, (1A1? = | B|?) dx = 0, complex eigenvalues = o, + io; are pos-
sible. If w; # 0, then the BAG mode is dynamically unstable.

2.3. Two-component BECs

Mixtures of BECs have been experimentally created, either by con-
sidering different atomic species or by using hyperfine states of a single
isotope. We consider two-component BECs described by the following
system of two coupled GP equations for wave functions y; and y,:

0y | 2 2
’h7=(—ﬁv + Vieap + 81111+ g12lW2]” | w1,
p ) 17)
o0y, ) 2 2
1h7=<—ﬁv + Virap + &211W117 + 802l |” | v

Coefficients g;, and g,, represent interactions between atoms of the
same species while g, and g,, describe interactions between different
species. The total energy is the sum of the GP energy of each compo-
nent:

2 2
n? 1
g(WlsWZ):/2<E|VW1‘|2+Vlrap|Wi|2+Ezgijlwilzll//j|2>dx~ 18)
= j=1
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Similarly to the one component case, stationary states are sought as
v, = ¢e 741" and y, = ¢re” 7*?', with chemical potentials u; and pu,.
We obtain the following system of equations:

h2
upy = <_EV2 + Virap + 811 Iy 12 +g|2|¢2|2> o1
19

h2
Hyhy = (—%Vz +Virap + 82110112 +822|¢2|2> &s.

Note that in most of published experimental and theoretical studies,
the trapping potential is generally the same for the two components.
If necessary, different expressions for V., can be easily implemented
in the provided scripts (see next section). This also applies for systems
with different atomic masses (m; # m,). For the sake of simplicity, we
present in this paper the case with identical trapping potentials and
masses for the two components.

For the linear stability analysis we consider perturbations of the
form:

Sd(x) = A(x)e™ ™ + B(x)el®, 20)
Sy(x) = C(x)e”™ + D(x)e™,
and obtain the BdG equations for the two-component case:
A A
B B
M = 21
c ho cl 21
D D
where the matrix M can be presented in the form:
My, ) g11¢% b1 gndi1d:
—811_¢1 M, —gnd1d —g12d192 (22)
19192 a1 Mz, , &nd;
—219192 —81P1d  —gnds My,
with:
My =H =y +2g11¢ 1 + g2l
M. =-M,,,
22 11 . . (23)
Mz =H — iy + g1 |911” + 282121,
My =-Ms;.
2.4. Scaling

Various forms of scaling are used in the literature (see [46] for a uni-
fied form of the GP scaling). To allow one to switch between different
forms, we first introduce a reference (trapping) frequency o, which will
define a time scale 7, and a length scale x, (the corresponding harmonic
oscillator length):

=t =g/ 24)
w, mawg

We then introduce a reference value y, for the wave function and scale
variables as:

x—>1, t—»L, 1//—)1. (25)
Xs Is Vs

The same scaling is used for the stationary state ¢. The dimensionless

form of the time-dependent stationary GP equation (1) becomes:

oy 1

i=; == VW + G + Bly PPy, (26)

with

gw?

1
Clrap(x): ho V[rap(x)s B= n
s

(27)

s
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Note that the coefficient 1/2 in front of the Laplacian in Eq. (26) comes
from the choice (24) for the reference length, since all terms were di-
vided by the quantity (of the dimension of an energy):
hog=mx o0, =—. (28)
From (2) we infer that the non-dimensional trapping potential takes the
form:

1 ) Wy,y,z

Cirap(X, y,2) = 3 (wix2 + wiy2 + o,z ) , where Oy, = 0 (29)
N

Similarly, the stationary GP equation (6) becomes:

1
3 Vbt Coaph + BlbI” = b, where u — - (30)

N

Finally, the BdG system of equations takes the non-dimensional form:

"=+ 20191 g’ (A)=w<A> 6D
-g¢ ~(H —pu+28191>) ) \ B B)’

where H = —%Vz +C
B— B/y,.
In the two component case, the wave functions are scaled as y; —

W“’—l and y, - W"’—Z , and the system (19) for the stationary state becomes:
5,1 5.2

rap IS dimensionless, ® - o/w; and A - A/y,,

iibr = (=3 V2 + oy + Buli P+ ol sl 1,
(32)

= (—%Vz + Coap + Pl 1>+ /722|¢2|2> &2,
Sij
haog
form of the BdG system for the two-component BEC is obtained from
(21)-(23), by replacing coefficients g;; with f;; and using the non-
dimensional form of H.

We provide with this toolbox example scripts (files Tools
scaling/phys to_adim lcomp.edpand Tools scaling/phys
to_adim 2comp.edp) that compute non-dimensional parameters
from physical values corresponding to several published experimen-
tal studies. These programs could guide the user in making the link
between parameters of existing experiments and non-dimensional pa-
rameters used in this contribution (and, more generally, in theoretical
studies).

where g;; — wij, JTREN hﬂTl; It follows that the non-dimensional
s

3. Computing stationary solutions of the GP equation
3.1. Newton method for a single component BEC

Stationary solutions of Eq. (30) are computed using a Newton
method. Considering that ¢ = ¢, + i¢;, we obtain the following system
of equations after separating real and imaginary parts:

= 3V20, 4 Copthy + BS99, — b, =0,

1

2

where f(¢,,¢;) implements the non-linear (interaction) term. Here

f@. ) = > = ¢? + ¢2, but the method is described (and pro-

grammed) for a general expression of f that can be easily changed in
the toolbox.

We consider homogeneous Dirichlet boundary conditions for ¢, and
¢;, Le. ¢, =¢; =0 on 9D, and set the classical Sobolev spaces V =
HS(D) for ¢, and ¢,;. The weak formulation of (33) can be thus written
as follows: find (¢,,¢;) € V X V = V2, such that for all test functions
(v, v;) €V

(33)
V2, + Corap®i + Bf (b ) — e, =0,
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Pt = / Cop = 08,0+ [ 190,50+ [ 1@ d080, =0,
D

D

Fi(dp diov) = /( trap M)¢,-vi+/%V¢;‘Vv;+/ﬂf(¢r,¢,-)¢,-v,- =0.
D

D

(34)

Starting from an initial guess (¢‘r),¢?), solution increments

q=¢f -, s=¢f - ¢t k>0, (35)

are computed using the Newton algorithm:

<0Fr> <0T’r>
0D, ) g=gt p=tt  \OPi ) g -t p=0t | (4 F (k. ¢k, v,)
e e (9= ). o

N Fi((pf’(ls,l-(’l}i)

<ar )
0D ) g=gt p=tt \OPi ) g, =gk =%

with the corresponding weak formulation:

1
/(Clrap —1)qu, +/ qu Vo,
D

D

OF ik wiey pk o O kg gk kK ok
+/ﬂ<6¢(¢ ¢)¢4+a¢(¢ P s+ f(P, ¢)51>
D

/(Clmp M)¢,U,+/ V¢f~Vv,+/ﬂf(¢f,¢,(‘)¢fU,,
D

/(Clrdp H)sv; +/ =Vs- Vo,

+ / ﬂ< O (b gk a+ 2L gk o) s + 1@ ¢k)s>v
D

(37)

¢, 0¢;

= / (Cirap = WPF0; + / %V¢f‘Vv,»+ / BS (@ ¢5dkv,.
D D D

Note that the metalanguage used in FreeFem++ enables the implemen-

tation of Egs. (37) in a form very similar to mathematical formulae,

which is appreciable to rapidly build bug-free numerical codes.

3.2. Newton method for a two-component BEC

For a two-component BEC, we solve the following system, obtained
=¢ +igy

from (32) after separating real and imaginary parts for ¢,

and ¢, = ¢y, +idy;:

—%Vzd’lr + (Crrap = uD®1, + B11 S (@1, P10)b1, + 1o (Do b))y, =0,

1
_5 V2¢1i + (Clrap -

1
_§ V2¢2r + (Clrap -

D@1+ B f (b1 1)d1i + Braf (bo p2i)db1; =0,
U)o + Po1 [ (@11 D10)P2y + Pon f (b2, P2y =0,
H)$ai + Bor [ (D1 P1)P0i + Boo [ (b p2i)bo; =0

1
_5 VZqﬁZi + (Ctrap -

(38)

We consider again homogeneous Dirichlet boundary conditions, i.e.
b1, = b1; = Py = Pp; =0 on dD. The weak formulation of (38) can be
written as follows: find (¢,,., $1;, ¢, $2;) € V'*, such that for all test func-
tions (vy,, vy;, Uy, Uy;) € V4
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1
r1r=/(cuap—ﬂl)¢1r”1r+/ zv(blr'vvlr
D

D

+ [T @t o @b, =0,
D
Fy :/(C(rap = H)$y;0y; +/ %Vﬁbl, Vo
D D

+/(ﬂllf(¢lr’¢li)+ﬂ12f(¢2r’¢2i))¢lyull =0,
D

. (39
For :/(C(mp = W2y, s, +/ EV¢2r Vo,
D D
+ /(ﬂz1f(¢1n¢1i) + Poa S (@2 G2V 05, =0,
D
Fai :/(C(mp — H2)aUy; +/ %V‘ﬁZi - Voy,
D D
+ /(ﬂmf((f’m(ﬁn) + Pon S (o $2))yi00; =0
D
The Newton step for increments
g =k - glH, Sk — gkt gy =gk — gkt gy =gk gkt
(40)

consists then in solving the following four equations:

/(Clmp M) Ly, + / Vg, - Vo, + /(ﬁ]lf(¢ ,fi)+ﬂ12f(¢§,7¢§,))411)1,

/ﬂn <—(¢

/ bra ( R 54{ @k ¢k ) s >u1,

=/(Clrap —141)4’,1‘,U1r /—V‘ﬁ’f, Vo,

bk g+ %@ ’f,)(b’f,Sl) Uy

/ Buaf @)+ B f (B P00 01
)
/ (Cop = 5101, + / Vs, - Vo, + / Buuf @) + B f (@ i si0,
/ i (S i)+ ot 0, ) 0
/ ﬂlz(dd) @, 04 )8, + dq{ @ 05,5 )ul,- @2)

=/(Cuap—ﬂ1)¢lfivli+/ §V¢’1‘,-'VUU
D

D
+/(ﬂ11f(¢’;,,
D

/ Conp =003+ [ 39050+ [ P+ 0 Bt D,
D

D

i)+ B (B5,, B v

17} 0
+ / B <#<¢;,¢ﬁ)¢’;ql + #@;%)zb;sl) 0y
D

af af
/ b (Ewmggm . @wgr,%m;sz)

1
/ (Cirap — M) P5, 02, + / ~Vgh - Vo,

/ Bor S @ D) + B S (e P55, 05,

(43)
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Again, the implementation of Eqgs. (41)-(44) with FreeFem++ is very
similar to the mathematical formulation.

3.3. Finite element implementation with FreeFem++

The algorithms presented below are implemented using the free soft-
ware FreeFem++ [37]. We illustrate in this section the main principles
of programming used in building the toolbox and the numerical settings
for the BAG problem.

One of the main advantages offered by FreeFem++ is to program
cumbersome formulae in a compact form, close to the mathematical
formulation. For example, the system (37) is implemented in a Macro
(precisely BAG_lcomp/A macro/Macro problem.edp) in which in-
tegral terms are easy to identify:

NewMacro problemGP

macro f (ur,ui) (ur®2 + ui”*2)//
macro dfdur (ur,ui) (2.=*ur)//
macro dfdui (ur,ui) (2.*ui)//

varf vGP(I[qg,s], [vr,vi]l) =

intN(Th, gforder=ord) ((Ctrap - mu)*g*vr + .5*grad(q)’=*
grad (vr)

+ (Ctrap - mu)*s*vi + .5%grad(s)’=*grad(vi)

+ beta * (f(phir,phii)*g*vr + f(phir,phii)*s*vi)

+ beta * phirxvrx (dfdur (phir,phii)*q + dfdui (phir,phii
) *s)

+ beta * phiixvix (dfdur (phir,phii)*q + dfdui (phir,phii
)*s))

+ intN(Th, gforder=ord) ((Ctrap - mu)*phir*vr + .5%grad(
phir) * *grad (vr)

+ (Ctrap - mu)*phiixvi + .5%grad(phii)’*grad(vi)

+ beta * f(phir,phii) x (phir*vr + phiixvi))

BCGP;

EndMacro

Another advantage of this formulation is that it can be used for any
dimension (d = 1,2 or 3) and any available type of finite elements, by
simply declaring these values in the files defining the computational
case. For example, for the 1D dark-soliton test case (file BdG_lcom-
p/INIT/1D_DS.inc):

macro dimension 1//
macro FEchoice P2//

These choices are then used in the main programs to define the
finite-element spaces. For example, in FFEM_GP_1c 1D 2D 3D.edp:

func Pk = [FEchoice,FEchoice];

meshN Th; // Local mesh
fespace Wh(Th, FEchoice) ;
fespace Whk (Th, Pk) ;

Wh<complex> phi; // Wavefunction
Whk [q,s], [phir,phiil];
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For the two-component BEC, the macro formulation of the Newton
algorithm is similar to the previous one-component case and follows
Egs. (41)-(42)

(file BAG_2comp/A macro/Macro_problem.edp):

NewMacro problemGP

macro f(ur,ui) (ur®2 + ui*2)//
macro dfdur (ur,ui) (2.xur)//
macro dfdui (ur,ui) (2.%ui)//

varf vGP([ql,sl,q2,s2], [vlr,vli,v2r,v2i])=

intN(Th, gforder=ord) (

1./2.xgrad(ql) ' *grad(vlr) + (Ctrap - mul)*glxvlr +

(betallxf (philr,phili) + betal2xf (phi2r,

phi2i)) *xgl*vlr

+ betall* (dfdur (philr,phili) *philr*gl + dfdui (
philr,phili) *philr*sl) *vlr

+ betal2x (dfdur (phi2r,phi2i) *philr*qg2 + dfdui (
phi2r,phi2i) *philr*s2) *vlr

+1./2.%grad(sl) ' *grad(vli) + (Ctrap - mul)*slxvli
+ (betall=*f (philr,phili) + betal2xf (phi2r,
phi2i)) *sl*vli

+ betall* (dfdur (philr,phili)*phili*gl + dfdui(
philr,phili)*phili*sl)*v1i

+ betal2x (dfdur (phi2r,phi2i) *phili*qg2 + dfdui (
phi2r,phi2i) *phili*s2) *v1i

+1./2.%grad(qg2) ' *grad (v2r) + (Ctrap - mu2) *g2*v2r
+ (beta22xf (phi2r,phi2i) + beta2l*f (philr,
phili)) *xg2*v2r

+ beta22x* (dfdur (phi2r,phi2i) *phi2r*g2 + dfdui (
phi2r,phi2i) *phi2r*s2) *v2r

+ beta2lx (dfdur (philr,phili)*phi2r+ql + dfdui (
philr,phili) *phi2rx*sl) *v2r

+1./2.%grad(s2) ' *grad(v2i) + (Ctrap - mu2) *s2xv2i
+ (beta22xf (phi2r,phi2i) + beta2l*f (philr,
phili)) *s2*v2i

+ beta22x (dfdur (phi2r,phi2i) *phi2i*g2 + dfdui (
phi2r,phi2i) *phi2ixs2) *v2i

+ beta2lx (dfdur (philr,phili)*phi2i+qgl + dfdui (
philr,phili) *phi2i*sl) *v21i

+ intN(Th,gforder=ord) (
1./2.xgrad(philr)’*grad(vlir) + (Ctrap - mul)*philr
*vlr + (betallxf (philr,phili) + betal2xf (

phi2r,phi2i)) *philr*vlir

+ 1./2.%grad(phili)’*grad(vli) + (Ctrap - mul)*
philixvli + (betallxf (philr,phili) + betal2x*f
(phi2r,phi2i) ) *phili*vili

+ 1./2.xgrad(phi2r) ’xgrad(v2r) + (Ctrap - mu2)*
phi2r*v2r + (beta22+f (phi2r,phi2i) + beta2lx*f
(philr,phili) ) *phi2r*v2r

+ 1./2.%grad(phi2i)’*grad(v2i) + (Ctrap - mu2)*
phi2i*v2i + (beta22+*f (phi2r,phi2i) + beta2lxf
(philr,phili)) *phi2i*v2i

)

BCGP;

EndMacro

Note that, since the expression of Ctrap is also defined as a macro, it
is easy to change the scripts to implement a different trapping (Ctrapl
and Ctrap2) for the two components (corresponding to mul and
mu2).

For all programs in this toolbox, we use P2 (piece-wise quadratic)
finite elements.

FreeFem++ also offers a fast mesh generator for 1D, 2D or 3D con-
figurations. The mesh (generically identified as Th) is made of segments
in 1D, triangles in 2D and tetrahedrons in 3D. The initial solution is built
specifically for each case as an approximation of the state we want to
study (see Sects. 5 and 6). Newton iterations are stopped when one of



G. Sadaka, V. Kalt, I. Danaila et al.

two following criteria is satisfied:
<e,,

()<= (%)

In practice, we use ¢, = 107® and e, = 10716 and in all considered cases
both criteria are satisfied simultaneously. To achieve convergence in
the Newton algorithm, the choice of the solver for the linear system re-
sulting from (33) or (38) is very important. For 1D and 2D problems we
solve the system with a direct LU method using the library MUMPS. For
3D problems, we use a GMRES method, preconditioned by an incom-
plete LU factorization.

<€p. (45)
2

Branches of stationary solutions are followed by a continuation
method on the parameter 4, < u < u,. In practice, we start from a value
Ho for which the initial condition is sufficiently close to the stationary
state and use this converged state as an initial guess for the Newton
method with chemical potential u, + 6u. The process is repeated until
uy is reached. This is especially useful when following states from the
linear limit to high values of y. For the two-component case, the con-
tinuation is done first on x; and u, and then on the inter-component
interactions f,, and f,,.

An important tool in FreeFem++ is the adaptive mesh refinement,
that considerably helps in reducing the computational time while keep-
ing a high degree of accuracy. The grid is refined in regions of high
gradients and coarsened in low gradients regions. The mesh is adapted
in 2D using the standard adaptmesh command of FreeFem++ which
creates a new mesh adapted to the Hessian of the solution. The al-
gorithm implemented in the adaptmesh function modifies the inner
product used in the automatic mesh generator to evaluate distance and
volume [47-49]. Equilateral elements are thus constructed, accordingly
to the new metric. The inner product is based on the evaluation of
the Hessian H of the variables of the problem. For example, for a P1
(piece-wise linear) finite-element discretization of a variable y, the in-
terpolation error is bounded by:

e=|y—Mpxlo<csup sup [HX)|(y-zy-2), (46)
TeT), x,y,z€T

where II,, y is the P1 interpolate of y, |H(x)| is the Hessian of y at point
x after being made positive definite. Using the Delaunay algorithm (e.g.
[50]) to generate a triangular mesh with edges close to the unit length
in the metric M = Z1—£L will result in an equally distributed interpola-
tion error ¢ over the edges of the mesh. Note that this algorithm is
different from Adaptive Mesh Refinement (AMR) methods based on a
topological representation of the computational mesh by a hierarchical
structure consisting of oct-quad- and binary trees (e.g. [51]). The pre-
vious approach could be generalized for a vector variable y = [y, x»1.
After computing the metrics M; and M, for each variable, we define
a metric intersection M = M| N M,, such that the unit ball of M is in-
cluded in the intersection of the two unit balls of metrics M, and M,
(for details, see the algorithm defined in [48]). For the stationary GP
equation solved in this toolbox, we use the adaptive mesh refinement
based on the intersection of three metrics computed from squared mod-
ulus, real and imaginary parts of the complex wave function (see also
[38D).

In 3D, the adaptative mesh refinement is done through the libraries
mshmet and mmg [52] using similar algorithms. These libraries are di-
rectly linked to FreeFem++ . When using continuation, we adapt the
mesh for different values of u. Mesh adaptation is mandatory for the
complicated test cases, especially in 3D or for the two-component cases:
using a refined mesh for the entire domain would lead to a large mem-
ory consumption and an excessively long computational time. Note that
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when adapting the finite element mesh, the user can set the values for
Appax @nd h,,;,, which are the maximum and, respectively, the minimum
edge size of the triangular mesh. This offers the possibility to control
the size of the mesh and thus find a trade-off between accuracy and
computational cost.

4. Solving the BAG equations

The BdG problem (31) is solved using the ARPACK library [32]. It
is directly interfaced with FreeFem++ and uses an Arnoldi method to
compute the eigenvalues and eigenvectors of a given matrix. We use the
following weak formulation corresponding to (31):

1
/ VAo + / (Crap — WAV, + / 26101% Av, + / p¢*Bu,
D D D D

=co/Au1,

D

1 —2
—/5VB~sz—/(Ctrap+;4)sz—/2ﬁ|d)|2302—/ﬁ¢ Av,
D D D D

=a)/ Buv,.

D

(47)

The bilinear terms in the left hand side of this equation form the finite
element matrix M that is sent to ARPACK. To check the accuracy of the
eigenvalue computation, we compute the residual:

e (3)-(2)

Numerical tests showed that using a shift leads to an increased ac-
curacy: the residual decreases to 10~7 and eigenvalues are closer to
the expected values when compared to known results. We use a shift
o = 107, which is implemented by adding the following term to the
matrix:

(48)

)

—/a(Au1 + Bu,). (49)
D

The code for the BAG part is, again, very similar to mathematical
expressions. For example, it is easy to see the correspondence between
the BdG formulation (47) and its implementation in the following macro
(file BAG_1comp/A macro/Macro_problem.edp):

NewMacro problemBdG

varf vBdGMat ([A,B], [vl,v2]) =

intN(Th, gforder=ord) (.5*grad (vl) ' *grad (A) + (Ctrap
-mu) *Axv1’

+ 2.*betaxabs (phi) *2*A*v1’ + beta*phi®2+B*vl’

- .5%grad(v2)‘*grad(B) - (Ctrap-mu)*Bxv2’

- 2.xbetaxabs (phi) *2*B*v2’ - beta* (phi’)“2*A*v2’

- sigmaxAxvl’ - sigmaxBxv2’)

BCBdG;

varf vBdGVec ([A,B], [vl,v2]) = intN(Th,gforder=ord)
(A*v1’ + Bxv2');

EndMacro

For the two-component case, the numerical method is similar
and based on the following weak formulation corresponding to
(21)-(23):
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Table 1

Test cases for the one-component BEC. Computational time and mesh size (number of elements). All compu-

tation were performed on a Macbook pro M1, 16 GB of DDR4 2400 MHz RAM.

Without mesh adaptation With mesh adaptation

CPU time GP CPU time BdG Mesh size CPU time GP CPU time BdG Mesh size
1D ground state 00:00:01 00:00:05 3602
1D dark soliton 00:00:01 00:00:02 1 356
2D ground state 00:00:05 00:00:48 20 000 00:00:05 00:00:29 10 847
2D dark soliton 00:20:49 05:34:28 45 000 00:17:03 02:20:57 21 382
2D central vortex 00:20:33 02:36:25 34 406 00:09:16 00:53:20 13 300
3D ground state 00:38:02 06:51:43 63 888 00:28:56 04:51:09 46 497
Table 2

1
/ EVA -Vo, + /(Ctmp — ) Av, +/ (28111 12 +ﬂ]2|¢2|2) Av,
D D

D

+/ﬂll¢%Bvl +/l3|2¢1¢72C01 +/ﬂ12¢|¢2DU|
D D D

=w/Avl,

D

—/%VB-VUZ—/(CMP—”)BUZ—/(2ﬂ11|¢1|2+ﬂ12|¢2|2)302
D

D D

—/ﬂllazsz—/ﬂlzmcvz—/ﬂ12¢_1¢2DL’2
D D D

=w/Bv2,

D
1
/5VC~VU3+/(CMP—M)CU3+/(2ﬂ22|¢2|2+ﬁ21|¢1|2)Cv3
D D

D

+/ﬂ21¢_1¢2AU3+/ﬁ21¢1¢2BU3+/ﬁ22¢§DU3
D D D

:a)/Cv3,

D

_/%VD'vvél_/(Ctrap_”)Dvét_/(2ﬁ22|¢2|2+ﬂ21|¢I|2)Du4
D

D D

—/ﬂ21¢1¢2Al’4—/ﬂ21¢1¢TzB”4—/ﬂ22¢Tzzcv4
D D D

=w/ Duvy.

D

(50)
5. Validation test cases for the one-component BEC

We start by validating the codes for the one-component BEC against
well known benchmarks. For all considered cases the non-dimensional
equations are solved in the setting for which g = 1. A summary of the
considered cases, together with typical computational times and mesh
sizes (i.e. the number of elements), is provided in Table 1. The mesh is
initially build by taking into account the topology of the solution. For
instance, the mesh for the 2D vortex case is a disk with smaller trian-
gles in the centre (where the vortex is located), with defined minimum
edge size h,,;, = h,,,./45. When the adaptive mesh refinement is used,
at each iteration of the Newton algorithm the mesh is refined in re-
gions of high gradients (e.g. around solitons or vortices) and de-refined
otherwise (zones of constant density), see Sect. 3.3. To fairly compare
the efficiency of the two algorithms for these known cases, we impose
the same minimum edge size 4,,;, in the adaptive mesh refinement pro-
cedure. Note however that, when exploring branches of solutions for
which the topology is unknown, it is safer to use the adaptive mesh re-
finement to accurately capture new solutions. For each case in Table 1,

1D ground state: eigenvalues and Krein signatures.

Re(w) Im(w) K !F from (51)
®, ~ -2.89857e-15  2.16087e-07 1 TF
w," =0
®,  618933e-15  -2.16087e-07 1 0
w,  -0.025 -8.80682e-11 1 o
w,  0.025 276512e11 1“1 ~®==002

w5 -0.0433018
o 0.0433018

-4.41549-11 1

TF .,
1.21387e-11 1 ;" ~0.043301270

[on -0.0612394
wg 0.0612394

-2.87955e-10 1

TF
1.64467¢-10 1 ;" ~0.061237243

w,  -0.0790624
oo 0.0790624

-1.09235e-10 1

TF
8.67993¢-11 1 ;" ~0.07905694

we indicate the size of the mesh for the last step of the continuation
procedure.

5.1. 1D case: ground state

The first test case is the computation of eigenvalues of the ground

. . . . . 1
state of a one-dimensional BEC with trapping potential V., = Emcaizz.
In the Thomas-Fermi limit, the explicit expressions for eigenvalues are

known [53]:

a)EF=wsz, neNN. (51)

We compare in Table 2 numerical and theoretical values of eigen-
values w for y =6 and @, = 0.025. The Thomas-Fermi solution (9) was
used to initialize the Newton algorithm. We could check from Table 2
that the computed eigenvalues verify the following expected properties
(see also Sect. 2.2):

(i) all eigenvalues are real (the stationary state is dynamically stable)
and form pairs (+w, —w),

(ii) the first eigenvalue is w = 0;

(iii) the other eigenvalues correspond to theoretical predictions (51),
(iv) all Krein signatures are positive (the stationary state is energetically
stable).

Note that, since the computation of eigenvalues stops when the
residual defined in (48) is reduced to 1077, values below this thresh-
old have to be considered as zero. However, we prefer to display the
output values of the code to better guide the user and ensure the repro-
ducibility of the presented results.

Note also from Table 2 that this case requires only 5 seconds for the
computation of 100 BdG modes. This illustrates the advantage of the
finite-element discretization generating sparse matrices. Special storage
and linear algebra algorithms are well adapted to this sparse structure of
matrices, resulting in a considerable gain of computational time, when
compared to discretization methods using full matrices. For this case
using 3,602 elements, corresponding to N, =14,410 degrees of free-
dom or unknowns (since we use P2 elements) the BAG matrix has only
115,268 non-zero elements.
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Fig. 1. 1D dark soliton: a) initial state and stationary solution, b) anomalous mode with w, ~
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Table 3
1D dark soliton: eigenvalues and Krein sig-
natures.
Re(w) Im(w) K
, -2.57971e-07 -3.29591e-15 1
w, 2.57971e-07 3.25101e-15 1
[oN -0.0178197 -1.09577e-12 -1
@, 0.0178197 1.00791e-12 -1
w5 -0.025 -5.42312e-12 1
wg 0.025 6.69980e-12 1
w; -0.0435553 -8.24994e-12 1
wg 0.0435553 9.60204e-12 1
Wy -0.0616151 4.28088e-13 1
g 0.0616151 2.16934e-13 1

5.2. 1D case: dark soliton

For the second 1D test case, we analyse an excited state obtained
by adding a dark soliton to the Thomas-Fermi density previously com-
puted. The initial condition for the Newton algorithm is thus built as:

ipit = /npg tanh(y/pz). (52)

We plot in Fig. 1(a) the initial condition and the converged stationary
state. Eigenvalues are displayed in Table 3. As expected, all eigenvalues
are real, as the dark soliton is dynamically stable in 1D. A complete
characterization of the BAG modes is offered in [41].

[

» The mode with w, = —“2 ~0.017677669 is the anomalous mode; it is

the only mode with a negative Krein signature. It is represented in
Fig. 1(b) and we retrieve the profile obtained in [54].

+ The dipole or Kohn mode at wg ~ @, =0.025 corresponds to oscilla-
tions of the centre of mass of the condensate.

» The quadrupole mode (or the breathing mode) is obtained for
wg & w,\/3 ~ 0.04330127. This mode is particular to the one-
dimensionality of the system.

5.3. 2D case: ground state
We switch now to 2D BEC configurations with trapping potential
1 2
Vigap = 5 M@

rap = 3m@] 1%, where r? = x* + . For this case, the eigenvalues in the
Thomas-Fermi limit are also known [53]:
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by,
O il oo,
0.2
Re(A)
-------- Re(B)
04l
0'6-75 -50 -25 g 25 50 75
0.1
OfF === T I e—
0.1 f ——— Im(A)
-------- Im(B)
0.2
03
0.4
0'5-75 -50 -25 g 25 50 75

@™ =0, Vim+2k2 +2k(1 + m), (53)

where m, k > 0 are integers. We present in Table 4 the first 20 eigenval-
ues computed for 4 =6 and w, =0.2, with and without mesh adapta-
tion. We find all Krein signatures to be 1, which is the expected result
in the absence of topological excitations. This is a perfect case to check
that computations using mesh adaptation provide the same results as
computations with a refined fixed mesh. Results in Table 4 show that
this is indeed the case for our BdG solvers.

To give again an indication of the size of the involved matrices in the
eigenvalue solver (see also the 1D case), we note that for this case using
20,000 elements, corresponding to N, =80,802 degrees of freedom
(since we use P2 elements) the BAG matrix has only 1,846,404 non-zero
elements. Due to the sparse structure of matrices, the full computation
of 100 BAG modes takes only 43 seconds.

5.4. 2D case: dark soliton

Following the same procedure as in the 1D case, we add to the pre-
viously computed 2D ground state a centred dark soliton (Fig. 2). This
is an interesting case to test the continuation procedure in following a
branch of stationary solutions. The initial condition is given by the |1,0)
state in the linear limit:

w _1 24.2
Dos =\ o= Hoy ) Hy (e 3020747, (54)

where H, are Hermite polynomials. We set w; = 0.2 and follow this
solution up to u = 3. Real and imaginary parts of eigenvalues are pre-
sented in Fig. 2(a, b) and are identical to the results published in [55].
This state does not have an azimuthal symmetry. Due to the space dis-
cretization, there exists a preferred direction along which the soliton
will tend to align itself. When adapting the mesh, this direction changes
and the wave function will then rotate. To avoid this phenomenon, we
only adapt the mesh every 5 iterations during the continuation pro-
cedure. This permits to optimally adapt the size of the mesh while
reducing the effects of the rotation. Table 1 shows that this is an ef-
ficient approach to reduce the computational time.

The final adapted mesh is presented in Fig. 2(c) for a selected value
of the chemical potential, with the corresponding atomic density |¢|? in
Fig. 2(d). We also present in Figs. 2(e) and 2(f) the dependence of the
total number of atoms N and the energy £ of the system, respectively,
on the chemical potential u. We recall from Eq. (7) that the relation
between y and N is nonlinear and depends on the computed stationary
state ¢.
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Table 4

2D ground state: eigenvalues and Krein signatures.
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No mesh adaptation

With mesh adaptation

@, from (53)

Re(w) I'm(w) K Re(w) I'm(w) K
o -2.40414e-06 -1.98607e-16 1 -1.85460e-15 9.45459%¢-07 1 oIF —0
, 2.40414e-06 1.85464e-16 1 2.12161e-15 -9.45459¢-07 1 00
[N -0.200004 6.56614e-12 1 -0.200005 -6.67229-12 1
W, 0.200004 4.53514e-12 1 0.200005 5.92280e-12 1 STF =02
s -0.200004 4.81411e-11 1 -0.200005 -2.00336e-11 1 10 ’
[oR 0.200004 9.24505e-11 1 0.200005 -1.73351e-11 1
w; -0.283448 1.57185e-11 1 -0.283448 4.81597e-11 1
wyg 0.283448 -9.27850e-11 1 0.283448 -2.43005e-11 1 WTF = 028084271
[oN -0.283467 -8.76293e-12 1 -0.283467 1.32560e-11 1 20 ’
[ 0.283467 -5.44819e-11 1 0.283467 -1.49808e-11 1
[om -0.348767 8.04747e-11 1 -0.348769 3.80437e-11 1
(oI 0.348767 2.11023e-11 1 0.348769 -9.97390e-11 1 STF — 034641016
w3 -0.348767 -2.40051e-11 1 -0.348769 3.10873e-11 1 30
Wy 0.348767 5.21115e-12 1 0.348769 -8.21595e-11 1
[ -0.400017 -1.42155e-10 1 -0.400018 -9.66174e-11 1
[ 0.400017 -2.04832e-11 1 0.400018 2.76314e-11 1
W, -0.405640 9.7905%¢-12 1 -0.405642 -5.96945e-11 1 WTF = oTF — 0.4
[om 0.405640 -5.94868e-11 1 0.405642 -3.22440e-11 1 40 0.1 ’
[ -0.405676 -6.62270e-11 1 -0.405679 -1.20474e-11 1
Wy 0.405676 1.45039%¢-11 1 0.405679 8.86265e-12 1

5.5. 2D case: central vortex

We compute another solution studied in [55,56]. It consists of a
disk-shaped BEC with a centred vortex. The initial condition is given by
the |0, 1) state in cylindrical coordinates (r,0):

. 1
by xrLiw, el (55)

where L(l) is the Laguerre polynomial. We set, as in the previous case,
, =0.2. Eigenvalues computed with and without mesh adaptation are
displayed in Figs. 3(a) and (b). We checked that both methods give
the same results as those obtained in [55,56]. The atomic density is
presented in Figs. 3(c) and (d) for two values of u.

The first BAG modes (A, B) for this state are displayed in Fig. 4 by
plotting their modulus coloured by the phase. We can distinguish:
« The zero-energy mode w = 0 (Fig. 4(a)), associated to the phase invari-
ance of the GP equation.
«The anomalous mode (Fig. 4(b)) corresponds to the following approxi-
mation of its eigenvalue in the Thomas-Fermi limit [55]:

2

[O)
0=—=1n(A21) ~ 003261667238, A ~2V27 ~8.886.
[2F)

> (56)

This value is represented by a dashed green line in Figs. 3 (a) and (b).
« The dipole or Kohn mode (Fig. 4(c)) corresponds to w = w, and is
independent of u.

« The 4-th mode (Fig. 4(d)) corresponding to @ = y — 2w, in the linear
limit [56]. This value is represented by a continuous green line in Figs. 3
(a) and (b).

5.6. 3D case: ground state

Computing the BAG modes for a 3D BEC is a challenging numerical
problem. Even with mesh adaptation, the number of degrees of freedom
is high and increases with the size of condensate (i.e. with ). For this
test case, we computed the spectrum of the ground state of a spherical
BEC with trapping potential V;,,, = %mwirz, where 12 = x2 +)? + z2. We
set w; = 1. The eigenvalues presented in Fig. 5 are in very good agree-
ment with numerical results obtained in [12]. This case shows that our
finite-element toolbox can be used to study simple 3D configurations.
For more complicated states, the use of parallelization is mandatory to

reduce the computational time and memory requirements.
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6. Validation test cases for the two-component BEC

For the two-component BEC, we compute BAG modes for the dark-
antidark solitary 1D or 2D waves studied in [15]. Antidark solitary
waves are bright solitary waves on top of a finite background. Such
states appear in a two-component system with inter-component repul-
sion: a dark soliton or a vortex (or a ring) in one component will induce
an effective potential, through the inter-component nonlinearity, on the
second component. The result is that atoms of the second component
are attracted into the dip of the first one. We consider the system (32)
in the case of repulsive inter-component interactions with miscibility
condition 0 < f, < \/f, By, that ensures that the two components co-
exist outside the dark-antidark state. To simplify the case study, since
only the ratio between non-linear interaction constants matters, we set
Pii=Pn=F=1,f3=p and 0 < By, <p.

The considered two-component cases are summarized in Table 5 dis-
playing the necessary computational times and mesh sizes. Note that the
codes consider independent values for coefficients f;;,1 <i,j <2, and
thus can be used to study configurations different from those analysed
in [15].

6.1. 1D case: dark-antidark soliton

The first state is a dark-antidark solitary wave in 1D. We set a soli-
ton solution (constructed as in Eq. (52)) in the first component, while
the second component is in the Thomas-Fermi ground state. Obtained
eigenvalues are shown in Fig. 6(a) and (b) and correspond to the re-
sults of [15]. The small imaginary instability around g, = f,; = 0.8 is
well resolved. Profiles of the atomic density for different values of the
interaction coefficient are presented in Fig. 6(c).

6.2. 2D two-component case: ring-antidark-ring state

With the toolbox, we provide two test cases for 2D configurations:
the vortex-antidark and ring-antidark solitary waves. We show here
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Fig. 2. 2D dark soliton: a) real part w, and b) imaginary part w; of eigenvalues as a function of . Example of solution for 4 =3.007: ¢) adapted mesh, d) atomic

density |¢|?. Variation with u of: ) number of atoms N, f) the energy &£.

only the case with ring-antidark solitary waves. The first component
contains a ring soliton and the second is in the ground state. Results are
shown in Figs. 7(a) and (b) for the real and imaginary parts of the eigen-
values. Fig. 7(c) shows for the atomic density profiles which correspond
to the figures presented in [15].

7. Description of the programs

In this section, we first describe the architecture of the programs
and the organisation of the provided files. We then present the input
parameters and the structure of the output files.

7.1. Program architecture

Codes and data files forming the BdG toolbox are stored in the
FFEM BdG toolbox directory, which is organized around two main

subdirectories: BdG_1comp and BAG_2comp, corresponding to the one-
and two-component codes. Each subdirectory contains two main files:
FFEM_GP_$case.edp, which is the main FreeFem++ script file for the
computation of the stationary state, and FFEM BdG $case.edp which
is the main FreeFem++ script file for the computation of the BdG
eigenvalues ($case=1c_1D_2D_3D for the one-component case and
$case=2c_1D_2D for the two-component case). To run the computa-
tion of the Gross-Pitaevskii stationary state, the user can use the com-
mand FreeFem++ FFEM _GP_ S$case.edp. BdG eigenvalues can then
be computed with the command FreeFem++ FFEM BdG_$case.edp.
Parameter files for the examples presented in this paper are stored in
the INIT folder.

The obtained solutions are saved in the dircase directory. Depend-
ing on the output format selected by the user, data files are generated
in specific folders for visualization with Tecplot, Paraview or Gnuplot.
We also provide in the folder Figures ready-made layouts for Tec-

11
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a) without mesh adaptation b) with mesh adaptation
—_— 0.45 —_—

_0.05 TN RN NN RNEN R SRR SRATE S | _0.05 TR NI RSN SNENEEN NN ENE SRR S |
04 08 12 16 2 24 28 3.2 04 08 12 16 2 24 28 3.2
u u

c) 11=0.45 u=3

Fig. 3. 2D BEC with a centred vortex. Real part o, of eigenvalues as a function of 4 computed a) without and b) with mesh adaptation. ¢) Atomic density |¢|* for
pu=0.45 and p = 3. The radius of the computational domain is R, =4.5. (For interpretation of the colours in the figure(s), the reader is referred to the web version
of this article.)
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Fig. 4. 2D BEC with a centred vortex: first four BdG modes A and B. Surfaces of modulus coloured by the phase. The radius of the computational domain is R; =4.5.
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Fig. 5. 3D case: ground state. a) Real part w, of the eigenvalues as a function of y, b) illustration of four BdG modes (iso-surfaces of the modulus).

Table 5

Test cases for the two-component BEC. Computational time and mesh size (number of elements). All computation
were performed on a Macbook pro M1, 16 GB of DDR4 2400 MHz RAM.

Without mesh adaptation

With mesh adaptation

CPU time GP CPU time BdG mesh size CPU time GP CPU time BdG mesh size
1D dark-antidark state 00:00:27 00:07:50 2714
2D vortex-antidark state 00:30:04 03:41:55 38 640 00:14:06 01:42:28 14 408
2D ring-antidark state 00:38:20 06:51:21 40 335 00:12:43 02:28:26 11 639

plot. The user can thus obtain the figures from this paper using newly
generated data. More details about the output structure are given in
Sect. 7.4.

The complete architecture of the BdG_1comp directory is the follow-

1. FFEM_GP _$case.edp: the main script for the computation of the GP
stationary states.

2. FFEM_ BdG $case.edp: the main script for computing eigenvalues.

3. param_num common.inc: a parameter file for the main numerical pa-

ing (the architecture of the BdG_2comp directory is almost identical): rameters.
a) b)
0.2 0.00015
0.15 I
0.0001
g o1 g |
5E-05[
0.05- r
L — I
. —— i
bt I ———1] 0 L L L ol 1
0 02 o04_ 06 038 1 0 02 04_ 06 038 1
B12 B12
C - -
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o.8f o.8f o0.8f
"5 06} “s06f “s06f
= = =
Soaf Soaf Soaf
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Fig. 6. 1D two-component case: dark-antidark solitary wave. a) Real part w, and b) imaginary part », of BdG eigenvalues, c) atomic density profiles for three values
of fy;.
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Fig. 7. 2D two-component case: ring-antidark-ring state. a) Real part w, and b) imaginary part of eigenvalues, c) density profiles for three values of f,,.

. INIT: directory storing the parameter files for the examples pre-
sented in Sect. 5.

. Figures: directory containing Tecplot layouts used to replot the
figures shown in Sect. 5. The main code must be run with the asso-
ciated example before opening the layout to replot the figure. For
some examples, it is necessary to run the case with different pa-
rameters (e.g with and without mesh adaptation) before opening
the layout.

A macro: directory containing macros used in the main scripts.

Macros and functions

The different macros and functions used in the toolbox for the se-

quential code are stored in the A macro folders:

* Macro_BdGsolve.edp: macro computing the BdG eigenvalues corre-
sponding to matrices in Egs. (47) and (50).

* Macro_createdir.edp: macro creating the file structure of the
dircase folder.

* Macro_GPsolve.edp: macro computing the GP stationary state with
a Newton method (see Egs. (37) and (41)-(44)).

* Macro_meshAdapt.edp: macro adapting the mesh to the wave func-
tion.

» Macro_operator.edp: definitions of useful macros and functions: gra-
dients, energy (3), chemical potential (7), Hermite polynomials,
etc. Also contains a macro creating a spherical mesh for 3D prob-
lems.

* Macro_output.edp: macros used to save data in Tecplot and Paraview
formats.

* Macro_plotEigenvector.edp: macro plotting the real and imaginary
parts of a BAG eigenvector.
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7.3.

Macro_plotphi.edp: macro plotting the complex wave function. The
user can press “k” to alternate between plots of the density, phase
and real and imaginary parts of the wave function.

Macro _problem.edp: definitions of the weak formulations for the GP
(Egs. (37) or (50)) and BdG problems (Egs. (47) or (41)-(44)).
Macro_restart.edp: macros used to save and load the wave function
to or from FreeFem++ files.

Macro_saveData.edp: macro saving the stationary wave function.
Macro_saveEigenvalues.edp: macro saving the BAG eigenvalues and
eigenvectors.

Input parameters

Parameters are separated in two files. Numerical parameters used in
all computations are in param_num_common.inc. Files in the INIT direc-
tory specify physical parameters describing the state that will be studied
during a computation and numerical parameters specific to this prob-

lem.

The files distributed with the toolbox provide a variety of examples

that can be used as a starting point when selecting parameters for the
study of new states.
(1) In the file param num_common. inc, the parameters are:

displayplot: controls the output information to plot. Possible val-
ues range from 0 (no plots), to 2 (plots data at all iterations of the
Newton method and all eigenvectors computed by the BdG code).
iwait: a Boolean indicating if the code must wait for user input
when a plot is shown (true) or it can continue (false) with the
next plot.

cutXY, cutXZ, cutYZ: (only for 3D cases) Booleans indicating
whether to plot cuts of the wave function along the different axis
atx=0,y=00rz=0.



G. Sadaka, V. Kalt, I. Danaila et al.

Tecplot: a Boolean indicating whether to save data in the Tecplot
format.

Paraview: a Boolean indicating whether to save data in the Par-
aview format (only in 2D and 3D).

adaptinit: if true, the initial solution is recomputed after the first
mesh adaptation.

adaptmeshFF: determines if mesh adaptation is used (t rue) or not
(false).

useShift: a Boolean indicating whether to use a shift when com-
puting the BdG eigenvalues (see Eq. (49)).

Nadapt: if mesh adaptation is used, the mesh is adaptated every
Nadapt iterations during the continuation.

Nplot: the wave function is plotted every Nplot iterations during
the continuation.

Nsave: the wave function is saved for Paraview or Tecplot every
Nsave iterations during the continuation.

Nrst: the wave function is saved for the BAG computation every
Nrst iterations during the continuation.

tolerrF: the tolerance value of ¢, in Eq. (45).

tolNewton: the tolerance value of ¢, in Eq. (45).

shift: the value of the shift ¢ used when computing eigenvalues.
newtonMax: the maximum number of Newton iterations.

(2) In the file $case. inc, stored in the INIT directory, the parameters

are:

General parameters for the case:

» dimension: the dimension of the problem (1, 2 or 3).

« FEchoice: the type of finite element used. Usually P2.

« nev: the number of eigenvalues computed by the BdG code.
Parameters used to restart a computation:

« restart: a boolean indicating if the initial solution is a restart from
a previous computation. If true, the solution and mesh stored in
fcaserestart for the value of x4 given by murestart will be used as
initial solution.

« murestart: the initial value of y in the case of a restart.

« fcaserestart: the folder where the initial solution is stored in the
case of a restart.

Parameters of the continuation:

« kpol, 1pol, mpol: integers defining the initial state in the linear
limit.

« startmu: the initial value of u.

« endmu: the final value of u.

« dmu: the increment in x4 during the continuation.

» facmu: when using the linear limit, the initial value of u is given
by facmu - g1y,

Coefficients of the GP equation:

« beta: the nonlinear coefficient (we set =1 in all test cases).

« ax, ay, az: the frequencies of the trapping potential along the
three axes.

« Ctrap: a function defining the trapping potential.

Parameters for the mesh creation:

«» Dx: the distance between points on the mesh border.

« scaledom: a coefficient used to control the size of the domain:
the mesh radius is given by Rdom = scaledom ry where rp is the
Thomas-Fermi radius.

« createMesh: a macro creating the initial mesh Th.

Parameters for the mesh adaptation:

« errU: the interpolation error level.

« hmin: the minimum length of a mesh element edge in the new
mesh.

« hmax: the maximum length of a mesh element edge in the new
mesh.

« adaptratio: the ratio for a prescribed smoothing of the metric. No
smoothing is done if the value is less than 1.1.
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Parameters for the initial solution:

« initname: the name given to the initial solution.

« initcond: a macro defining the initial solution for the phi vari-
able.

Definitions of the boundary conditions:

« BCGP: the boundary conditions used in the GP code for Egs. (37)
and (41)-(44).

« BCBAG: the boundary conditions used in the BdG code for Egs.
(47) and (50).

« fcase: the name given to the current computation.

« dircase: the directory where the results are stored.

In a two component case, some new parameters are defined in the

$case. inc file:

7.4.

Parameters used to restart a computation:

« mulrestart, mu2restart: initial values of y; and u, in the case
of a restart.

« betal2restart, beta21restart initial values of g, and g,, in the
case of a restart.

Parameters of the continuation:

« startmul, startmu2: initial values of y; and y,.

« endmul, endmu?2: final values of 4, and y,.

o dmul, dmu2: increments of x; and yu, during the continuation.
« startbetal2, startbeta21: initial values of §,, and f,,.

« endbetal2, endbeta21: final values of f;, and $,,.

« dbetal2, dbeta2l: increments of §,, and p,, during the continu-
ation.

Coefficients of the GP equation:

« betall, betal2: nonlinear coefficients g,; and p,,.

Parameters for the initial solution:

« initnamel: the name given to the initial solution for the first
component.

« initname2: the name given to the initial solution for the second
component.

« initcond: a macro defining the initial solution for [phil, phi2]
variables.

Outputs

When a computation starts, the OUTPUT $case directory is cre-

ated. It contains up to eight folders. The RUNPARAM directory contains
a copy of the code and data files, allowing an easy identification of each
case and preparing an eventual rerun of the same case. The other fold-

ers

sub

contain different output format files of the computed solution, to

be visualised with Tecplot, Paraview or Gnuplot. The content of these

folders depends on the case and on the computation parameters (dif-

ferences in the two component code are given in parentheses):

1.

The Gnuplot folder contains two files:

« Informations about the stationary states are stored in the GP_re-
sults.dat file. The columns are in order: the non-linear coeffi-
cient g (B, and p,;), the imposed chemical potential u (x; and
U,), the number of Newton iterations used for this value of yu, the
errors ¢, and ¢, (45), the computed value of the chemical potential
(7) (computed values of y; and u,), the number of atoms (4) (the
number of atoms in the two components), the GP energy (3), the
mesh size, the number of degrees of freedom and the CPU time to
compute the stationary state.

« BdG eigenvalues are stored in the BAG_results.dat file. The
columns are in order: the non-linear coefficient g (,, and p,,), the
imposed chemical potential y (u4; and u,), the eigenvalue number
between 0 and nev, the real and imaginary part of the eigenval-
ues, the Krein signature and its sign (the Krein signature and its
sign for the two components), the residual (48) and the CPU time
to compute the eigenvalues.
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2. The pParaview folder contains the wave functions stored as .vtk or
.vtu and .pvd files:
ephi init.vtuandphi_ final.vtu are the initial and final so-
lutions.

« phi mu $mu.vtu contains the stationary wave function for a
given value of u.

e phi mul $mul mu2 $mu2.vtu contains the stationary wave
function for given values of y; and y, in the first continuation.

o phi betal2 $betal2 beta2l $beta2l.vtu contains the
stationary wave function for given values of §,, and p,, in the sec-
ond continuation.

3. The paraview Eigenvectors folder contains the eigenvectors
stored as:

e eVec_mu_S$mu_$nev.vtu in the one component code.
*» eVec_betal2 S$betal2 beta2l $beta2l mul $mul mu2
$nev.vtu in the two component code.

4. The RST folder contains the stationary states stored as FreeFem++
files. The names are:
¢ RST-Smu.rst or RST-Smul-Smu2-Sbetal2-$beta2l.rst
for the data.

* RSTTh-$mu or RSTTh-$mul-s$mu2-$betal2-sbeta2l for the
mesh files. The file extensions are .mesh (in 1D), .msh (in 2D) or
.meshb (in 3D).

5. The Tecplot folder contains the wave functions stored as .dat Tec-
plot files:
ephi init.dat and phi_ final.dat are the initial and final so-
lutions.

» phi_mu_$mu.dat contains the stationary wave function for a
given value of u.

e phi_mul_$mul_mu2_$mu2.dat contains the stationary wave
function for given values of y; and y, in the first continuation.

+ phi betal2 $betal2 beta2l $beta2l.dat contains the
stationary wave function for given values of §;, and f,; in the sec-
ond continuation.

6. The Tecplot Eigenvectors folder contains the eigenvectors
stored in the Tecplot format:

« eVec_mu_$mu_$nev.dat in the one component code.
*» eVec_betal2 S$Sbetal2 beta2l $beta2l mul $Smul mu2
$nev.dat in the two component code.

7. The Tecplot Eigenvalues folder contains the eigenvalues
stored in the Tecplot format. Filenames are BAG results $i.
dat. Each file contains the i-th smallest eigenvalue for each value
of u (or f, in the two-component code).

8. Summary and conclusions

The aim of the toolbox presented in this paper is the computation of
stationary states and BdG modes of one- and two-component BECs in 1D
and 2D. The use of mesh adaptation enables an efficient computation of
stationary states by adapting the spatial discretization to the topology
of the considered state. This makes possible the study of various 1D and
2D problems and even a simple 3D configuration without paralleliza-
tion. The toolbox was created with FreeFem++ , a free and open-source
finite element software for the study of partial differential equations.
The method consists of two steps: (i) a Newton method, combined with
a continuation on the chemical potential u or the inter-component in-
teraction parameters f, and f,;, is used to obtain the stationary state
of the GP equation, (ii) the BAG modes are obtained by solving an
eigenvalue problem with ARPACK. The numerical code was validated
against test cases studied theoretically or numerically in the literature.
All parameter files corresponding to these test cases are shared with the
toolbox, allowing the user to obtain the results presented in this paper.
These parameter files can be used as templates to initiate the study of
other BEC states. We considered only one and two component systems
with a cubic nonlinearity, but the toolbox could be easily modified to
study other configurations such as quartic + quadratic trapping poten-
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tials [57], dipolar interactions [58] or spinor condensates [59]. Future
extensions of the toolbox concern the implementation of domain de-
composition methods and the use of PETSc and SLEPc libraries for this
problem. The new parallel toolbox will make possible the computation
(with a reasonable CPU time), of BAG modes for 3D BEC configurations
without axial symmetry, such as BEC with U, S vortices [10], giant vor-
tices [60] or new computationally discovered exotic states reported in
very recent contributions [61].

Declaration of competing interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Data availability
Data will be made available on request.
Acknowledgements

The authors acknowledge financial support from the French Agence
Nationale de la Recherche (ANR) grant ANR-18-CE46-0013 QUTE-HPC.
Part of this work used computational resources provided by IDRIS
(Institut du développement et des ressources en informatique scien-
tifique) and CRIANN (Centre Régional Informatique et d’Applications
Numériques de Normandie). The authors are very grateful to P. K.
Kevrekidis for stimulating discussions and warmly thank E. Charalam-
pidis for his helpful input in validating numerical codes.

References

[1] M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman, E.A. Cornell, Observation
of Bose-Einstein condensation in a dilute atomic vapor, Science 269 (5221) (1995)
198-201.

K.B. Davis, M.O. Mewes, M.R. Andrews, N.J. van Druten, D.S. Durfee, D.M. Kurn,
W. Ketterle, Bose-Einstein condensation in a gas of sodium atoms, Phys. Rev. Lett.
75 (1995) 3969-3973.

K.W. Madison, F. Chevy, W. Wohlleben, J. Dalibard, Vortices in a stirred Bose-
Einstein condensate, J. Mod. Opt. 47 (2000) 2715.

P.C. Haljan, I. Coddington, P. Engels, E.A. Cornell, Driving Bose-Einstein condensate
vorticity with a rotating normal cloud, Phys. Rev. Lett. 87 (2001) 210403-210407.
A.E. Leanhardt, A. Gorlitz, A.P. Chikkatur, D. Kielpinski, Y. Shin, D.E. Pritchard, W.
Ketterle, Imprinting vortices in a Bose-Einstein condensate using topological phases,
Phys. Rev. Lett. 89 (2002) 190403.

C. Becker, S. Stellmer, P. Soltan-Panahi, S. Dorscher, M. Baumert, E.-M. Richter, J.
Kronjéger, K. Bongs, K. Sengstock, Oscillations and interactions of dark and dark—
bright solitons in Bose-Einstein condensates, Nat. Phys. 4 (6) (2008) 496-501.

D. Yan, J.J. Chang, C. Hamner, P.G. Kevrekidis, P. Engels, V. Achilleos, D.J.
Frantzeskakis, R. Carretero-Gonzélez, P. Schmelcher, Multiple dark-bright solitons
in atomic Bose-Einstein condensates, Phys. Rev. A 84 (2011) 053630.

G. Theocharis, A. Weller, J.P. Ronzheimer, C. Gross, M.K. Oberthaler, P.G.
Kevrekidis, D.J. Frantzeskakis, Multiple atomic dark solitons in cigar-shaped Bose-
Einstein condensates, Phys. Rev. A 81 (2010) 063604.

W. Wang, P.G. Kevrekidis, Two-component dark-bright solitons in three-
dimensional atomic Bose-Einstein condensates, Phys. Rev. E 95 (2017) 032201.

A. Aftalion, I. Danaila, Three-dimensional vortex configurations in a rotating Bose-
Einstein condensate, Phys. Rev. A 68 (2003) 023603.

L.-C. Crasovan, V.M. Pérez-Garcia, I. Danaila, D. Mihalache, L. Torner, Three—
dimensional parallel vortex rings in Bose-Einstein condensates, Phys. Rev. A 70
(2004), 033605(1-5).

R.N. Bisset, W. Wang, C. Ticknor, R. Carretero-Gonzalez, D.J. Frantzeskakis, L.A.
Collins, P.G. Kevrekidis, Robust vortex lines, vortex rings, and hopfions in three-
dimensional Bose-Einstein condensates, Phys. Rev. A 92 (2015) 063611.

W. Wang, R.N. Bisset, C. Ticknor, R. Carretero-Gonzalez, D.J. Frantzeskakis, L.A.
Collins, P.G. Kevrekidis, Single and multiple vortex rings in three-dimensional Bose-
Einstein condensates: existence, stability, and dynamics, Phys. Rev. A 95 (2017)
043638.

E. Charalampidis, N. Boullé, P. Farrell, P. Kevrekidis, Bifurcation analysis of station-
ary solutions of two-dimensional coupled Gross-Pitaevskii equations using deflated
continuation, Commun. Nonlinear Sci. Numer. Simul. (ISSN 1007-5704) 87 (2020)
105255.

[2]

[3]

[4]

[5]

[6]

[71

[8]

[91

[10]

[11]

[12]

[13]

[14]


http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0000640C004FF4CCF231A393F8A15B74s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0000640C004FF4CCF231A393F8A15B74s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0000640C004FF4CCF231A393F8A15B74s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9B236A574C4F65A9DD82AC4D320353AAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9B236A574C4F65A9DD82AC4D320353AAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9B236A574C4F65A9DD82AC4D320353AAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE9765A99ECD4395F2FBD8C592CEC7302s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE9765A99ECD4395F2FBD8C592CEC7302s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC0AE5C7B00E4BBC328DF029C047BA11Es1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC0AE5C7B00E4BBC328DF029C047BA11Es1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib587175B8DD286A92BA1638D99B8D5867s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib587175B8DD286A92BA1638D99B8D5867s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib587175B8DD286A92BA1638D99B8D5867s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9D21FE514AEF5030570EEA1C2A8CD6ACs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9D21FE514AEF5030570EEA1C2A8CD6ACs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9D21FE514AEF5030570EEA1C2A8CD6ACs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3D344319FF7E12EF53949E77E705DB95s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3D344319FF7E12EF53949E77E705DB95s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3D344319FF7E12EF53949E77E705DB95s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA47F01DD01FB4121EC837CE6EDE1B348s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA47F01DD01FB4121EC837CE6EDE1B348s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA47F01DD01FB4121EC837CE6EDE1B348s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8379F59D11CA7F38A56A528C2CD53EF0s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8379F59D11CA7F38A56A528C2CD53EF0s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF491B6445CF216D29FE7D066C9323CAAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF491B6445CF216D29FE7D066C9323CAAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibCECD34D817178EE0783BCFB25E6BBABAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibCECD34D817178EE0783BCFB25E6BBABAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibCECD34D817178EE0783BCFB25E6BBABAs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib5CA7A0406559032BE6B8BC641E296008s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib5CA7A0406559032BE6B8BC641E296008s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib5CA7A0406559032BE6B8BC641E296008s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC99F0CA183DA8FC926EC89C12FE8E507s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC99F0CA183DA8FC926EC89C12FE8E507s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC99F0CA183DA8FC926EC89C12FE8E507s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC99F0CA183DA8FC926EC89C12FE8E507s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7DC954C4485E971B9A06FEA25214B0B7s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7DC954C4485E971B9A06FEA25214B0B7s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7DC954C4485E971B9A06FEA25214B0B7s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7DC954C4485E971B9A06FEA25214B0B7s1

G. Sadaka, V. Kalt, I. Danaila et al.

[15] L Danaila, M.A. Khamehchi, V. Gokhroo, P. Engels, P.G. Kevrekidis, Vector dark-
antidark solitary waves in multicomponent Bose-Einstein condensates, Phys. Rev. A
94 (2016) 053617.

[16] E.P. Gross, Structure of a quantized vortex in boson systems, Il Nuovo Cimento
(1955-1965) 20 (3) (1961) 454-477.

[17] L.P. Pitaevskii, Vortex lines in an imperfect Bose gas, Sov. Phys. JETP 13 (2) (1961)
451-454.

[18] L.P. Pitaevskii, S. Stringari, Bose-Einstein Condensation, Oxford University Press,
2003.

[19] C.M. Dion, E. Canceés, Ground state of the time-independent Gross-Pitaevskii equa-
tion, Comput. Phys. Commun. 177 (2007) 787-798.

[20] M. Caliari, S. Rainer, GSGPEs: a MATLAB code for computing the ground state

of systems of Gross-Pitaevskii equations, Comput. Phys. Commun. 184 (3) (2013)

812-823.

X. Antoine, R. Duboscq, GPELab, a Matlab toolbox to solve Gross-Pitaevskii equa-

tions I: computation of stationary solutions, Comput. Phys. Commun. 185 (11)

(2014) 2969-2991.

Z. Marojevié, E. Goklii, C. Limmerzahl, ATUS-PRO: a FEM-based solver for the time-

dependent and stationary Gross-Pitaevskii equation, Comput. Phys. Commun. 202

(2016) 216-232.

G. Vergez, 1. Danaila, S. Auliac, F. Hecht, A finite-element toolbox for the station-

ary Gross-Pitaevskii equation with rotation, Comput. Phys. Commun. 209 (2016)

144-162.

P. Muruganandam, S. Adhikari, Fortran programs for the time-dependent Gross-

Pitaevskii equation in a fully anisotropic trap, Comput. Phys. Commun. 180 (10)

(2009) 1888-1912.

D. Vudragovié, I. Vidanovié, A. Balaz, P. Muruganandam, S.K. Adhikari, C programs

for solving the time-dependent Gross-Pitaevskii equation in a fully anisotropic trap,

Comput. Phys. Commun. 183 (9) (2012) 2021-2025.

R. Caplan, NLSEmagic: nonlinear Schrodinger equation multi-dimensional Matlab-

based GPU-accelerated integrators using compact high-order schemes, Comput.

Phys. Commun. 184 (4) (2013) 1250-1271.

[27] L. Kong, J. Hong, J. Zhang, LOD-MS for Gross-Pitaevskii equation in Bose-Einstein
condensates, Commun. Comput. Phys. 14 (1) (2014) 219-241.

[28] U. Hohenester, OCTBEC a Matlab toolbox for optimal quantum control of Bose-
Einstein condensates, Comput. Phys. Commun. 185 (1) (2014) 194-216.

[29] R. Kishor Kumar, V. Lonc¢ar, P. Muruganandam, S.K. Adhikari, A. Balaz, C and
Fortran OpenMP programs for rotating Bose-Einstein condensates, Comput. Phys.
Commun. 240 (2019) 74-82.

[30] N. Boullé, E.G. Charalampidis, P.E. Farrell, P.G. Kevrekidis, Deflation-based identi-
fication of nonlinear excitations of the three-dimensional Gross-Pitaevskii equation,
Phys. Rev. A 102 (2020) 053307.

[31] R. Carretero-Gonzélez, P. Kevrekidis, T. Kolokolnikov, Vortex nucleation in a dis-
sipative variant of the nonlinear Schrédinger equation under rotation, Phys. D,
Nonlinear Phenom. (ISSN 0167-2789) 317 (2016) 1-14.

[32] R.B. Lehoucq, D.C. Sorensen, C. Yang, ARPACK Users’ Guide: Solution of Large-Scale
Eigenvalue Problems with Implicitly Restarted Arnoldi Methods, SIAM, 1998.

[33] V. Hernandez, J.E. Roman, V. Vidal, SLEPc: a scalable and flexible toolkit for the
solution of eigenvalue problems, ACM Trans. Math. Softw. (ISSN 0098-3500) 31 (3)
(2005) 351-362.

[34] E. Polizzi, Density-matrix-based algorithm for solving eigenvalue problems, Phys.
Rev. B 79 (2009) 115112.

[35] Y. Gao, Y. Cai, Numerical methods for Bogoliubov-de Gennes excitations of Bose-
Einstein condensates, J. Comput. Phys. (ISSN 0021-9991) 403 (2020) 109058.

[36] A. Roy, S. Pal, S. Gautam, D. Angom, P. Muruganandam, FACt: FORTRAN tool-
box for calculating fluctuations in atomic condensates, Comput. Phys. Commun.
(ISSN 0010-4655) 256 (2020) 107288.

[37] F. Hecht, New developments in Freefem++, J. Numer. Math. 20 (2012) 251-266.

[38] 1. Danaila, F. Hecht, A finite element method with mesh adaptivity for computing
vortex states in fast-rotating Bose-Einstein condensates, J. Comput. Phys. 229 (2010)
6946-6960.

[39] V. Kalt, G. Sadaka, I. Danaila, F. Hecht, Identification of vortices in quantum flu-
ids: finite element algorithms and programs, Comput. Phys. Commun. 284 (2023)
108606.

[21]

[22]

[23]

[24]

[25]

[26]

17

Computer Physics Communications 294 (2024) 108948

[40] X. Antoine, R. Duboscq, GPELab, a Matlab toolbox to solve Gross-Pitaevskii equa-
tions II: dynamics and stochastic simulations, Comput. Phys. Commun. 193 (2015)
95-117.

[41] D.J. Frantzeskakis, Dark solitons in atomic Bose-Einstein condensates: from theory
to experiments, J. Phys. A, Math. Theor. 43 (21) (2010) 213001.

[42] W. Bao, Y. Cai, Mathematical theory and numerical methods for Bose-Einstein con-
densation, Kinet. Relat. Models 6 (1) (2013) 1-135.

[43] Y. Castin, Bose-Einstein condensates in atomic gases: simple theoretical results, in:
R. Kaiser, C. Westbrook, F. David (Eds.), Coherent Atomic Matter Waves, Springer
Berlin Heidelberg, Berlin, Heidelberg, 2001, pp. 1-136.

[44] P.G. Kevrekidis, D.J. Frantzeskakis, R. Carretero-Gonzalez (Eds.), Emergent Nonlin-
ear Phenomena in Bose-Einstein Condensates, Atomic, Optical, and Plasma Physics,
vol. 45, Springer, 2008.

[45] A. Chernyavsky, P.G. Kevrekidis, D.E. Pelinovsky, Krein signature in Hamiltonian
and PT-symmetric systems, in: Parity-Time Symmetry and Its Applications, Springer
Singapore, Singapore, ISBN 978-981-13-1247-2, 2018, pp. 465-491.

[46] . Danaila, L. Danaila, From classical to quantum turbulence: basic concepts and
models, in: Models and Methods for Quantum Condensation and Fluids, World Sci-
entific, 2023, pp. 203-270.

[47] H. Borouchaki, M.J. Castro-Diaz, P.L. George, F. Hecht, B. Mohammadi, Anisotropic
adaptive mesh generation in two dimensions for CFD, in: 5th Inter. Conf. on Nu-
merical Grid Generation in Computational Field Simulations, Mississipi State Univ.,
1996.

[48] P.J. Frey, P.L. George, Maillages, Hermes, Paris, 1999.

[49] B. Mohammadi, O. Pironneau, Applied Shape Design for Fluids, Oxford Univ. Press,
2000.

[50] P.L. George, H. Borouchaki, Delaunay Triangulation and Meshing, Hermes, Paris,
1998.

[51]1 A. Papoutsakis, S.S. Sazhin, S. Begg, I. Danaila, F. Luddens, An efficient Adaptive
Mesh Refinement (AMR) algorithm for the Discontinuous Galerkin method: appli-
cations for the computation of compressible two-phase flows, J. Comput. Phys. 363
(2018) 399-427.

[52] C. Dapogny, C. Dobrzynski, P. Frey, Three-dimensional adaptive domain remeshing,
implicit domain meshing, and applications to free and moving boundary problems,
J. Comput. Phys. (ISSN 0021-9991) 262 (2014) 358-378.

[53] P.G. Kevrekidis, D.E. Pelinovsky, Distribution of eigenfrequencies for oscillations of
the ground state in the Thomas-Fermi limit, Phys. Rev. A 81 (2010) 023627.

[54] C.K. Law, P.T. Leung, M.-C. Chu, Quantum fluctuations of coupled dark solitons in

a trapped Bose-Einstein condensate, J. Phys. B, At. Mol. Opt. Phys. 35 (16) (2002)

3583.

S. Middelkamp, P.G. Kevrekidis, D.J. Frantzeskakis, R. Carretero-Gonzalez, P.

Schmelcher, Bifurcations, stability, and dynamics of multiple matter-wave vortex

states, Phys. Rev. A 82 (2010) 013646.

S. Middelkamp, P.G. Kevrekidis, D.J. Frantzeskakis, R. Carretero-Gonzalez, P.

Schmelcher, Stability and dynamics of matter-wave vortices in the presence of colli-

sional inhomogeneities and dissipative perturbations, J. Phys. B, At. Mol. Opt. Phys.

43 (15) (2010) 155303.

[57] V. Bretin, S. Stock, Y. Seurin, J. Dalibard, Fast rotation of a Bose-Einstein conden-
sate, Phys. Rev. Lett. 92 (2004) 050403.

[58] Q. Tang, M. Xie, Y. Zhang, Y. Zhang, A spectrally accurate numerical method for
computing the Bogoliubov-de Gennes excitations of dipolar Bose-Einstein conden-
sates, SIAM J. Sci. Comput. 44 (1) (2022) B100-B121.

[59] T. Mithun, R. Carretero-Gonzalez, E.G. Charalampidis, D.S. Hall, P.G. Kevrekidis,
Existence, stability, and dynamics of monopole and Alice ring solutions in antiferro-
magnetic spinor condensates, Phys. Rev. A 105 (2022) 053303.

[60] I. Danaila, Three-dimensional vortex structure of a fast rotating Bose—Einstein
condensate with harmonic-plus-quartic confinement, Phys. Rev. A 72 (2005),
013605(1-6).

[61] N. Boullé, I. Newell, P.E. Farrell, P.G. Kevrekidis, Two-component three-dimensional
atomic Bose-Einstein condensates supporting complex stable patterns, Phys. Rev. A
107 (2023) 012813.

[55]

[56]


http://refhub.elsevier.com/S0010-4655(23)00293-X/bib5470CA80A16246691FBE8B4B34D9112Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib5470CA80A16246691FBE8B4B34D9112Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib5470CA80A16246691FBE8B4B34D9112Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD2ABBD20E56BE9D34A855FE63BAEFAD3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD2ABBD20E56BE9D34A855FE63BAEFAD3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib36F3898F37B81B4BA6EFD3EDD14D725Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib36F3898F37B81B4BA6EFD3EDD14D725Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib4DEF93C6524E422825B2AA9F6C6CD365s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib4DEF93C6524E422825B2AA9F6C6CD365s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3DEC5A007DB537EFDD12B20FC9C90866s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3DEC5A007DB537EFDD12B20FC9C90866s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2FF4812FEFF34FE117FB6244F424B5ABs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2FF4812FEFF34FE117FB6244F424B5ABs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2FF4812FEFF34FE117FB6244F424B5ABs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib6567171CBC389921ABA23907AF06BAEFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib6567171CBC389921ABA23907AF06BAEFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib6567171CBC389921ABA23907AF06BAEFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2F4996981EE1ECEDF2631E0E2858216Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2F4996981EE1ECEDF2631E0E2858216Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2F4996981EE1ECEDF2631E0E2858216Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA7A1BA533719333D92807CE1BA4174BBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA7A1BA533719333D92807CE1BA4174BBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA7A1BA533719333D92807CE1BA4174BBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2716D922C410EB601BAB9F3F9A2D0B11s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2716D922C410EB601BAB9F3F9A2D0B11s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib2716D922C410EB601BAB9F3F9A2D0B11s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE461B3980F6984516AC736CEF9C1A642s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE461B3980F6984516AC736CEF9C1A642s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE461B3980F6984516AC736CEF9C1A642s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib98E75C241FCB12379B8C4639A4416E5Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib98E75C241FCB12379B8C4639A4416E5Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib98E75C241FCB12379B8C4639A4416E5Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC143EC0484BFDB1CEE313032F1C429A3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC143EC0484BFDB1CEE313032F1C429A3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD4A9D05796F67C46E248FCAB5609CD01s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD4A9D05796F67C46E248FCAB5609CD01s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib187251488683CB04B9168D2926B210DBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib187251488683CB04B9168D2926B210DBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib187251488683CB04B9168D2926B210DBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE190C239358C62312D02529EBC27658Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE190C239358C62312D02529EBC27658Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibE190C239358C62312D02529EBC27658Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib17DA977B4897D0DBDF18DB1E312B486Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib17DA977B4897D0DBDF18DB1E312B486Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib17DA977B4897D0DBDF18DB1E312B486Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibCE4770C435EDF16DC96C6D1DC0DE743Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibCE4770C435EDF16DC96C6D1DC0DE743Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7B45D4EEE9221B6A29084BB4E3DD671Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7B45D4EEE9221B6A29084BB4E3DD671Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib7B45D4EEE9221B6A29084BB4E3DD671Bs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib38136B332C2AA77EBBD3BD279C0E521Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib38136B332C2AA77EBBD3BD279C0E521Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA29083DA35E46B3F6AA8DD20072C656Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibA29083DA35E46B3F6AA8DD20072C656Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8201EE500E6EA6BEF8407A03DF60752Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8201EE500E6EA6BEF8407A03DF60752Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8201EE500E6EA6BEF8407A03DF60752Ds1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib019253549B6949A2717BCA58A35006D5s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0EE399D55264BD436D996D082136B2F6s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0EE399D55264BD436D996D082136B2F6s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0EE399D55264BD436D996D082136B2F6s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1F59131E19D0009599A898D99851B0C4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1F59131E19D0009599A898D99851B0C4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1F59131E19D0009599A898D99851B0C4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC14861C78F740844A86051E3B5CB6BB4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC14861C78F740844A86051E3B5CB6BB4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibC14861C78F740844A86051E3B5CB6BB4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF721D24E0440AF279FEA17EA518F1437s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF721D24E0440AF279FEA17EA518F1437s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD024E0962F7D20F7DB5D4E2277BF3AF3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD024E0962F7D20F7DB5D4E2277BF3AF3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib82ABECB054688ECD4D1DD84760D374BDs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib82ABECB054688ECD4D1DD84760D374BDs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib82ABECB054688ECD4D1DD84760D374BDs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3347F825ADBB785E4EF33DC69BA09100s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3347F825ADBB785E4EF33DC69BA09100s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib3347F825ADBB785E4EF33DC69BA09100s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1AF8418257A2249ECCF8BDD602C3393Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1AF8418257A2249ECCF8BDD602C3393Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1AF8418257A2249ECCF8BDD602C3393Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF98B06DDBBA09D1329EC3F79DFACB2C1s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF98B06DDBBA09D1329EC3F79DFACB2C1s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibF98B06DDBBA09D1329EC3F79DFACB2C1s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibEED0A37F52D38867E55111A15A0D74C3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibEED0A37F52D38867E55111A15A0D74C3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibEED0A37F52D38867E55111A15A0D74C3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibEED0A37F52D38867E55111A15A0D74C3s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib660FA2B11F4B6B01559A2BBB633B6D81s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib35E5BCB40D596D7607C40F299AF19D9Es1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib35E5BCB40D596D7607C40F299AF19D9Es1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib6FD06034527E0DC0AA5B9EC3085839E8s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib6FD06034527E0DC0AA5B9EC3085839E8s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9235B7F0A9E1182D0122743F829D921Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9235B7F0A9E1182D0122743F829D921Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9235B7F0A9E1182D0122743F829D921Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib9235B7F0A9E1182D0122743F829D921Fs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8EB4787BEC62671710F122048A85D5FFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8EB4787BEC62671710F122048A85D5FFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8EB4787BEC62671710F122048A85D5FFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0AC92D2FB1F30DEF1CF458C8A9389D8Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib0AC92D2FB1F30DEF1CF458C8A9389D8Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibB9EB085860A9865F7BD08F483EA839E5s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibB9EB085860A9865F7BD08F483EA839E5s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibB9EB085860A9865F7BD08F483EA839E5s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD5FBE1B35CA149BDEF1B4CE765C5469Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD5FBE1B35CA149BDEF1B4CE765C5469Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bibD5FBE1B35CA149BDEF1B4CE765C5469Cs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib99480448C13DADAFD3E309E887B37EC4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib99480448C13DADAFD3E309E887B37EC4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib99480448C13DADAFD3E309E887B37EC4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib99480448C13DADAFD3E309E887B37EC4s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib34AE72AA1BA17BFDB10769D0D0889AEFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib34AE72AA1BA17BFDB10769D0D0889AEFs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8538D92AC2BED3197397008E40A5D480s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8538D92AC2BED3197397008E40A5D480s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib8538D92AC2BED3197397008E40A5D480s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib14ACF21E938914ABD291C063AE9CAF43s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib14ACF21E938914ABD291C063AE9CAF43s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib14ACF21E938914ABD291C063AE9CAF43s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1608282BC3DB51F5B2CB3A540A21D381s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1608282BC3DB51F5B2CB3A540A21D381s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib1608282BC3DB51F5B2CB3A540A21D381s1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib79A0A3C9EC3EECDF136E0BCE0ABBD6DBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib79A0A3C9EC3EECDF136E0BCE0ABBD6DBs1
http://refhub.elsevier.com/S0010-4655(23)00293-X/bib79A0A3C9EC3EECDF136E0BCE0ABBD6DBs1

	A finite element toolbox for the Bogoliubov-de Gennes stability analysis of Bose-Einstein condensates
	1 Introduction
	2 The Gross-Pitaevskii model and Bogoliubov-de Gennes equations
	2.1 The Gross-Pitaevskii equation
	2.2 The Bogoliubov-de Gennes equation
	2.3 Two-component BECs
	2.4 Scaling

	3 Computing stationary solutions of the GP equation
	3.1 Newton method for a single component BEC
	3.2 Newton method for a two-component BEC
	3.3 Finite element implementation with FreeFem++ 

	4 Solving the BdG equations
	5 Validation test cases for the one-component BEC
	5.1 1D case: ground state
	5.2 1D case: dark soliton
	5.3 2D case: ground state
	5.4 2D case: dark soliton
	5.5 2D case: central vortex
	5.6 3D case: ground state

	6 Validation test cases for the two-component BEC
	6.1 1D case: dark-antidark soliton
	6.2 2D two-component case: ring-antidark-ring state

	7 Description of the programs
	7.1 Program architecture
	7.2 Macros and functions
	7.3 Input parameters
	7.4 Outputs

	8 Summary and conclusions
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


