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1 Introduction

In this article, we are interested in the study of a conserved Caginalp phase-field model
with logarithmic potentials based on Maxwell-Cattaneo law for the heat conduction
with two temperatures.

Caginalp introduced in [6] (see also [7]) the following phase-field system

3
8—"+A2u—Af(u)=—AT, (1.1
aT 3

_ar=-2 (12)
ar at

where u is the order parameter and 7T is the relative temperature (defined as 7 =

T — Tk, where T is the absolute temperature and Tr is the equilibrium melting
temperature). These equations model phase transition processes such as melting solid-
ification processes and have been studied, e.g., in [4,5,20] and [30]; see also, e.g.,
[2,14,15,18,43] and [45] for a similar phase-field model with a memory term. Equa-
tions (1.1)—(1.2) consist of the coupling of the Cahn—Hilliard equation introduced in
[8] and [9] with the heat equation.

These equations are known as the conserved phase-field mode, in the sense that,
when endowed with Neumann boundary conditions, the spatial average of the order
parameter and of the temperature are conserved quantities.

In this paper, we consider the conserved Caginalp phase-field model proposed in
[41], in which we consider the theory of two-temperature-generalized thermoelasticity
proposed in [48] and based on the Maxwell-Cattaneo law.

The generalized heat equation (1.2) is based on the usual Fourier law for heat
conduction. Now, one essential drawback of the Fourier law is that it predicts that
thermal signals propagate at an infinite speed, which violates causality (the so-called
paradox of heat conduction, see [13]). To overcome this drawback, or at least to
account for more realistic features, several alternatives to the Fourier law, based, for
example, on the Maxwell-Cattaneo law or recent laws from thermomechanics, have
been proposed and studied in, e.g., [24,25,35-38] and [39]. Indeed, introducing the
enthalpy

H=u+T, (1.3)
we can rewrite this equation as

oH di (1.4)

— =divg, .

o1 1

where ¢ is the thermal flux vector, and, assuming the Fourier law
q=-—VT, (1.5)
we recover (1.2).
In the late 1960’s, several authors proposed a heat conduction theory based on two

temperatures (see [10,11] and [12]). More precisely, one now considers the conductive
temperature 7 and the thermodynamic temperature 6. For time-independent problems
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the difference between these temperatures is proportional to the heat supply; they thus
coincide when there is no heat supply. However, for time-dependent problems, they
are generally different even in the absence of heat supply: this is in particular the case
for non-simple materials. In that case, the two temperatures are related as follows:

0 =T—AT (1.6)
and (1.1) should be replaced by
ou 2

§+A u—Afu)=—A(T — AT). 1.7)

In this article, we consider the theory of two-temperature-generalized thermoelas-
ticity proposed in [48] and based on the Maxwell-Cattaneo law.

In that case, in order to obtain the corresponding generalized heat equation, one
writes

B_H = —divg, (1.8)
ot
and
H=u+0=u+T— AT, (1.9)

where the heat flux ¢ satisfies the Maxwell-Cattaneo law [48],

dq
q+T5=—VT,T>O. (1.10)

In particular, it follows from (1.8) that

TaZHJraH_ div (g + 2%
arz  ar %)

hence, in view of (1.10),
?H 9H
o + ot

In this paper, we reformulate the problem in terms of the order parameter u and the
enthalpy H (see also [5] for the original conserved Caginalp phase-field system and
[34] for the nonconserved model based on the Maxwell-Cattaneo law). In particular,
introducing the enthalpy H = u +6 = u + T — AT, we can rewrite (1.2) and (1.7)
in the form

We thus deduce from (1.9) and (1.11) the generalized heat equation

= AT. (1.11)

(I—A) it LT A7 % _ du (1.12)
- T—+— | - =—T— — —. .
at? ot a2 ot

g . .
Here, the presence of the second derivative % makes the mathematical analysis of

the equation particularly difficult and, to overcome such a difficulty, we will rewrite
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the equation in a different way, keeping the enthalpy H as unknown. Indeed, it follows
from (1.9) and (1.11) that

RN G AL NN
Hrys ar ) ’
hence
(I —A) O*H + OHN = _n (1.13)
— T—+— ) - = — .
ot2 ot "
and
u 5
E—G—A u—Au—Af(u)=—AH. (1.14)

In [41], the authors studied the well-posedness of the conserved Caginalp system
(1.13)—(1.14), for regular nonlinear terms f and Dirichlet boundary conditions. It is
however important to note that, in phase transition, regular nonlinear terms actually
are approximations of thermodynamically relevant logarithmic ones of the form

1+s
f(s) = —2k0s + K1 ln(] > , (1.15)

— S

withs € (—1,1)and 0 < x| < kg, which follow from a mean-field model (see [9,32];
in particular, the logarithmic terms correspond to the entropy of mixing).

To our knowledge, there is no result on the original conserved Caginalp phase-field
system with the aforementioned logarithmic nonlinear terms (see however [20] for
dynamic boundary conditions; in that case, the situation is very different from that of
Neumann boundary conditions), whereas, [30] treats the original conserved Caginalp
model with regular nonlinear terms; see also [22] for a more general system, with a
nonlinear coupling between « and T .

The conserved Caginalp phase-field model was studied in [31] for the type III
thermomechanics theory and in [33] for the Maxwell Cattaneo law (see also [41],
with two temperatures), for regular nonlinear terms. Also, recently, the authors in [28]
study the nonconserved Caginalp phase-field model based on Maxwell Cattaneo law
with two temperatures and logarithmic potentials; note that, in that case, the strict
separation from the pure phases (see below) is easier, as one can use the comparison
principle for second-order parabolic equations for the equation for the order parameter.

In order to compare the logarithmic potentials with the cubic ones in the numerical
simulations that we perform, we choose the following cubic polynomial nonlinear term
f(s) = s3 — .8s, whose corresponding double-well potential F(s) = (s2 — .8)2/4
has two minima —.8 and .8 (see Fig. 1, left), and the logarithmic nonlinear term

1+
f(s) = —2k0ps + k1 ln(1
—s

double-well potential F(s) = xo(1 — sz) +x1(l—=s)In(1 —s)+ (1 +5)In(l +5)
has two minima —.8 and .8 (see Fig. 1,right).

In this article, we consider the conserved phase-field model (1.13)—(1.14), with the
logarithmic nonlinear terms (1.15). We first prove the existence of weak solutions to
equations (1.13)—(1.14). To do so, we approximate the singular nonlinear terms by

), with (ko, k1) = (In(3), 0.8), whose corresponding

@ Springer



Applied Mathematics & Optimization

regular ones and prove the convergence of the solutions to the approximated problems
to that to the limit singular one. Then, we prove the uniqueness of the solution, which
allows us to define the corresponding semigroup and prove the existence of a global
attractor. We then prove some higher-order regularity results which lead to a strict
separation property in two space dimensions. This strict separation property is very
important. On the one hand, it says that we actually have the same problem, but
now with a regular nonlinear term (even better, a bounded and regular one). On the
other hand, it says that, in the phase transition process, there is always some given
amount of the other phase. Note that such a strict separation property is not known
in three space dimensions, already for the sole Cahn—Hilliard equation. To prove it,
we adapt the techniques introduced in [21]. The difference here is that we have two
additional terms due to the presence of the Enthalpy H in which the regularity of
H plays an important role in order to have the strict separation property. Finally, we
write the spatial and time discretizations of (1.13)—(1.14), which allows us to compare
(numerically) the conserved Caginalp type model with regular and with logarithmic
nonlinear terms.

Notation

We denote by (( -, -)) the usual L?-scalar product, with associated norm || - ||. We
further set (( -, - ))_1 = (((—A)’%o, (—A)’%~)), with associated norm | - ||,
where (—A)~! denotes the inverse minus Laplace operator associated with Dirich-
let boundary conditions. Note that || - ||—1 is equivalent to the usual H_j-norm on
HL(Q) = H(} (2)'. More generally, || - | x denotes the norm in the Banach space X.

Throughout the article, the same letter ¢, ¢’ (and, sometimes, C) denotes (generally
positive) constants which may vary from line to line. Similarly, the same letter Q
denotes (positive) monotone increasing (with respect to each argument) functions
which may vary from line to line.

Setting the problem We consider the following initial and boundary value problem,
in a bounded and regular domain Q2 C R"*, n = 1, 2 or 3, with boundary I":

= polynomial = logarithmic

0 098l
1

1 08 06  -04 0.2 0 02 04 06 08 1 0.8 06 04 02 0 02 04 06 08 1

Fig. 1 Double-well potential, polynomial (left) and logarithmic (right)
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_131/1 1
(=A) E—aAu+u+—f(u)=H, (1.16)
&
(I —A) 82H+8H AH = —A (1.17)
— T—+ — ) — = —Au, .
at2 ot
u=H=0 on T, (1.18)
oH
ul;=0 = uo, H|=0 = Ho, le:(): Hy, (1.19)

where, for simplicity, we have set ¢ and t equals to one.
The potential f is defined by:

f(s)=—2/<os+:qln<i+“:), (1.20)

withs €] — 1, 1] and 0 < x| < xp. We then have

2
1) = 775 = 260, (121)
Furthermore, we see that
feCH =11, f(0)=0, (1.22)
—co < F(s) < f(s)s +co, (1.23)
fs)s = el f($) —c, (1.24)

S
where, F(s) = / f(r)dr and ¢y > 0,
0

f(s) = —c2, 2 20. (1.25)
Now, we will consider the following space
K={pel’(Q); -1<¢p<1aein Q).

Following the idea of Debussche and Dettori (see [16] and [17]), we consider the
following approximated function fy € C!(R), for N € N, by

L4 (=142 1 L4
f(— +N)+f(_ +N)<s+ —N>,s<— +5

InGs) =1 f(s), Is| <1 ——,
1 : "1 ! 1 : 1 :
(=) (=) (meg) ommw
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Then, we consider the approximated problem:

_18”N
(=A) W_A“N‘FUN“FfN(uN):HN,
32HN 0HN
I —AN)|—+— ) —-—AHy =—A
( )< a2 T ) N UN,

uy =Hy =0 on T,

0Hyn
uyli=0 = uo, Hyli=0 = Ho, lezo = H,

(1.26)

(1.27)
(1.28)
(1.29)

Recalling that, owing to [41], we have the following result concerning to the problem

(1.26)~(1.29):

Theorem 1.1 We assume that fn satisfies (1.22)—(1.25) for s € R. Then, for every
(uo, Ho, Hy) € (HO1 (Q))3, the problem (1.26)—(1.29) possesses a unique solution

Hy
ot

0
(un, Hy, ) such that

oH
(uN, Hy, a—f) L& RY; Hy (2))°

and

9
% € L2(0. T: H-'(Q)), VT > 0.

We also note that, F' is bounded and for ¢ € K, we have Fy (¢) < F(¢). Thus, all

the estimations in this section are uniform with respect to N.

Remark 1.1 We can also endow the problem with periodic or Neumann boundary

conditions. In these cases, we have, integrating (1.14) over €2,

d(u)
dr

where (-) denotes the spatial average, hence
(u(n)) = (uo), vt 20,

Similarly, integrating (1.17) over €2, we obtain

d (d(H) B
E( a7 +<H>>— )

which yields

(1.30)

(1.31)

(1.32)

(1.33)
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and
(H(t)) = (Ho+ Hy) — (Hp)e™", 1 >0. (1.34)

Taking (1.38)—(1.34) into account, we can adapt the proofs below and derive the same
well-posedness results. Note however that, in order to study the existence of attractors,
we need to assume that

[{uo)| < My, (1.35)
[(Hy + H1)| < Mo, |(H1)| < M3. (1.36)

It thus follows from (1.31) and (1.34) that

[u@)| < My, Vi =0, (1.37)

d{H d
'( izt> +H >)<f>| M, | ( ><r>| < Ms, [(H@O)| < My+ M3, Vi >0.

(1.38)

We can then define the family of solving operators
S(@) : @y — Py, (uo, Ho, Hy) = (u(1), H(t) (t))
where
D (= Doy, bty my) = {(«z 0.6) € HAQ), - Y=o

lplizee@) < 1, @)l < M1, (6 + &) < Ma, [{€)] < M3}.

We refer the interested reader to [40] for more details on the necessary modifications.

2 A Priori Estimates
We start by assuming a priori that:

where § is a fixed positive constant.
. aMN -1 8I—IN
We multiply (1.26) by TR (1.27) by (—A)
equalities, to obtain

and summing the resulting

),

HBHN

HBHN

d
M (uwNn +2/ Fy(uy)dx + lluy — Hy|? +

{5

2.2)

ks

)=

ks
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Next, we multiply (1.26) by uy, (1.27) by (—A)~!Hy and have, summing the
resulting inequalities, owing to (1.24),

— H H 2 — H

dt(lluzv||1+|| VI2 + IHy I + (( o N))_l
dHy

+2(( o HN)))Jrc(nuN—HmF

8HN
+ IVunI? + 20 v @) g

Mk

) c> 0.
(2.3)
Summing finally (2.2) and &; times (2.3), where §; > 0 is chosen small enough, we

have a differential inequality of the form

2

d ou
7E1 +C<E1 + /Nl @) + ‘ BtN > <, e>0, (2.4)
1
where

IIVMN||2+2/ Fy(uy)dx + lluy — Hy | +

dHy oH
+61<||uN||2_1+||HN||2_1+||HN||2+2<(7,HN)) 1+2((8—tN sz)))
(2.5)

satisfies

HE)HN

HZJHN

J0Hy
EY > C<||MN||12L,1(Q) + /Q Fy(un)dx + || Hy|* + H—

2
a7 ) -, c>0. (2.6)

dHy
We now multiply (1.27) by —— 5 , to obtain

vt 5
H'(Q)

Multiplying also (1.27) by Hy, we find

() (2 ) o

Hy|?
at

| < | Vun|? 2.7)
H(Q)

L vry? + | 2N
dt N

, 2.8)
< I Vun | + ZH

HI(Q)
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Summing (2.4), §, times (2.7) and 83 times (2.8), where 87, §3 > 0 are chosen
small enough, we have a differential inequality of the form

d 8"tN 2 ’
7E2 +c Ez +||fN(uN)”L1(Q)+ 31‘ <c, c>0, (2.9)
-1
where
N N 2 dHy ?
Ey = E +52<||VHN|| +H7 )
H(®) (2.10)
53 ( 1 Hy )2 o (2N 2 (vEN vy
+ 83\ 1HN 1319y + ~ar 0 N + o7 0 VAN )
satisfies
N 2 dHN ? /
E2 Zc ||uN||H1(Q)+ FN(”N)dX+||HN||Hl(Q) Ta. —C, c>0.
8t Hl(Q)
(2.11)
We note that (2.9) and Gronwall’s lemma imply the dissipative estimate
EN@t) <e™ENO)+¢, ¢c>0,t>0. (2.12)
Consequently, for N large enough,
dHy |?
un((t + ||H, +
” N )”HI(Q) ” N”HI(Q) H ot B
< e (ol g + 1Holl 2 gy + 1H1l3 )+ (213)

Integrating now (2.9) with respect to time, we have, for r > 0 fixed,

NN @A L ) x2)

< ce ! <””0”H1(Q) + ”HO”HI(Q) + ”Hl”?{l(g) +/ FN(MO) dx) + C//(V).
Q

(2.14)
Furtheremore, for every » > 0,
t+r 9 2
/ LI e
] ot ||_g
(2.15)

<ce ! <||uo||%,1(m + 1 Holl 31 ) + IH1 11 ) + /Q Fy (uo) dx)

+c(r), ¢ >0, t>0.
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Also note that fQ Fy(uo) dx < ¢, since, |[upllr=) < 1—46. Therefore, (2.14) yields
have

W@ sy < e (003 0y + 1HolZ1 g + 1H1 1 q) +¢"()
(2.16)
We have thus found an estimate on the L!-norm of fy (ux).
We finally multiply (1.26) by —Auy and ontain, owing to (1.25) and classical
elliptic regularity results,

d
—IIMNII +CIIMN|IH2(Q) (IVun|® + [ Hy|?), ¢ > 0. (2.17)

In a second step, we differentiate (1.26) with respect to time to have the initial and
boundary value problem

_ ad auN au}v au}v 8uN aHN
A= — A —_— = 2.18
(=4) ot ot FTRRET, + Iy ) ot t 2.18)
8uN

—0 on T, (2.19)
3t
u
=570 = Aug —up — f(uo) + Ho. (2.20)

0
Multiplying (2.18) by %, we obtain, in view of (1.25),

8uN

2 0Hy Odun
—_— +<< 5 or )), (2.21)

ot

duy 2
ot

duy 2
ot

< co

d
d

1
2 -1 HY(Q)

which yields, employing the interpolation inequality

BMN 2 BMN BMN (2 22)
8f 8f —1 3[ H! (Q)’ '
the differential inequality
2 2
H
A | dun dun <[ 2H . (2.23)
dt Jat 1 Jat HI(Q) -1

un

B
This yields an L (L?)-regularity on (—A)—17(0) € L%(Q), which, in view of

(2.20), essentially means thatug € H 3N H(} (£2). This is not satisfactory, in partic-
ular, in view of the study of the dissipativity and the existence of (finite dimensional)
attractors.
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dHy
We multiply now (1.27) by —A a7 and —A Hy to obtain

d dHy |2 5
—(namy P+ vt < llAuy]

(2.24)

at

2

oH
el
ot

dHy |
at

H dHy

and

d oH oH
E<||VHN||2+||AHN||2+2<(VTtNaVHN)) +2<< S AHN))) +IaHyI?

9Hy || aH
< ot +2 |72+ [a 25 ),
(2.25)

respectively. Summing (2.24) and &4 times (2.25), where 84 > 0 is chosen small enough, we
find a differential inequality of the form

d
—3 4 cEN < lauyl?, (2.26)
where

2
H H
ey ta?+ o2 [+ [ 25

t
5 ) dHy dHy
+oa (17N P+ 1amy 2 +s( (VR vy ) ) +2( (a2 AHN

N 2 dHy |
E3 >c I|HN||H2(Q)+ T HZ(Q) , ¢c>0. (228)

satisfies

. dHy 5
Gronwall’s lemma then yields that Hy, o € L®(0, T; H*(Q)).

3 Existence of Solutions in the Casen < 3

Theorem 3.1 Let (ug. Ho, Hy) € (H*() N H} ()3, then the problem (1.16)~(1.19) admits

oH
atleast one solution (u, H, W) such that, VT > 0

we LO®RY: Hy () NL*(0, T: H*(Q)),
d
e 20,1 H (@)
ot
and

(H, agTIj) € L¥(RT; (HA(Q) N Hy ()*.
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Furthermore, VT > 0, |lu(t)|poo(q) < 1, the set {x € @, |u(t, x)| = 1} is of null measure.

Proof We have, owing to (2.13), that

dHy 2 /
sup lluw (0)11% + |1Hy @)% + Hi(l)H <c, 3.1
1€[0,T] HI(@) HI(@) ar HI(Q)

where ¢’ is independent of N.
Letting N tends to 400 and considering a subsequence, we have by estimation (3.1)

uy — u weakstarin L0, T; H(Q)), (3.2)
Hy — H weak starin L0, T; H (Q)), (3.3)
aH aH

TIN > = weak starin  L°°(0, T; H1(Q)). (3.4

Integrating (2.9) between 0 and 7, we have, in view of (3.1),

2
ds <c', Y1 e[0,T], ¢>0, 3.5)
-1

auN

t
EN@®) +¢
2()+6£ 5t

where ¢’ is independent of N. It thus follows that

9 9
gtN N zTL: weakly in L2(0, T; H~1()). (3.6)

Integrating (2.17) between 0 and ¢, we deduce

t
llen (0117 + ¢ /O lun I3y ds < e Vi €[0T, 3.7)

where ¢ is independent of N. This results that
Auy—Au weakly in L2((0, T) x Q). (3.8)
The only difficulty, when passing to the limit, is to pass to the limit in the nonlinear terms

containing fp. First, it follows from (2.16) that fy (u) is bounded, independently of N, in
L ((0, T) x €2). Then, it follows from the explicit expression of f that

1
meas(Fy pr) < u (ﬁ> , N<M,

where
1
Fy m= {(t,x) €0, T) x 2 lupy(t,x)|>1— N}

and

c

min(| f(1 = 5)[,1f(s = DD’

u(s) =
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where, here, the constant ¢ is independent of N and M. Note that there holds

r 1
/ / [ fy(upp)| dx dt > / | s uap) dx dt > ¢’ meas (FN,M)il, (3.9)
0 Q Fn.m M(N) :

where the constant ¢’ is independent of N and M.
Passing now to the limit M tends to +oo (employing Fatou’s lemma on (3.9)) and the N
tends to +00 (noting that limo u(s) = 0) to find
Nad

meas{(t,x) € (0, T) x Q; |u(t,x)| > 1} =0,

so that
—1<u(t,x) <1 ae. (t,x). (3.10)

Next, it follows from the above almost everywhere convergence of u y, (3.10) and the explicit
expression of fp that

nuy) — fu) ae. (t,x) € (0,T) x Q (3.11)

Multiplying now (1.26) by fx (1) and integrate over €2, using the monotony of fy, we
obtain
8MN

2
2 2
o AR (3.12)

ILfn @I < c(
integrating (3.12) between 0 and 7 by (3.2), (3.3) and (3.6), we have
1N 2 0,7y < € (3.13)
where ¢ is independent of N. Thus, it follows from (3.11) that
fnGun (@) — f@) weaklyin L2((0,T) x Q)), (3.14)

which finishes the proof of the passage to the limit (the weak continuity property follows from
Strauss’s lemma, see, e.g., [47]). O

The following result gives us the uniqueness of the solution of the problem (1.16)—(1.19).

Theorem 3.2 Under the assumptions of Theorem 3.1, the problem (1.16)—(1.19) admits a unique
solution with the above regularity.

dHM dH®
Proof Let (u<1>, HD, T) and <u<2>, H®, T) be two solutions to (1.16)—(1.19)

with initial data <u(()1), H(gl), Hl(l)> and (uéf), H(SZ), H1(2)>, respectively. We set

1 2
o Y _ (o o MUY (o o 902
a1 ot a1

@ Springer



Applied Mathematics & Optimization

and
(1o 1) = (st 1" 1) — (2. 2 )
and have
(—A)_lz—’: — Au+u+ f(u(l)) - f(u(z)) =H, (3.15)
2H 9H
I—AN|—+—)—-—AH=-A 3.16
- (555 “ (3.16)
u=H=0 on T, (3.17)
0H
uli=o = ug, Hl;—o = Hp, WI::O = Hj. (3.18)

oH
Multiplying (3.15) by u, (3.16) by (-=A)~! FTR summing the resulting inequalities, we

obtain, in view of (1.25), a differential inequality of the form

_ 2 ) 2 2
where
PRI LLA N LLY (3.20)
= |lu o — 1 .
-1 ar ||y || ot
satisfies
) 5 oH|?
EZc(lulZ;+IHI"+ 50 ) c>0. (3.21)
Using finally the interpolation inequality
el < cllull 1l g1 g
we find the differential inequality
dE
W < CE, (3.22)

hence, owing to (3.21)—(3.22) and Gronwall’s lemma

2

oH ,
||u(z)||2_1+||H(z)||2+H§(t) <ce(lugl®y + I Holl”> + I1H1 1), 1 >0, (3.23)

hence the uniqueness, as well as the continuous dependence with respect to the initial data in
the H~! x L% x L%-norm. O

It follows from Theorem 3.1 that we can define the family of solving operators

JH (1)

S@): &1 — &, (ug, Hy, Hy) — (u(t), H(1), or

)t =0,
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where

oH
D= {(u H, W) € HI(Q)3; lul < 1 ae. }

and
oH [ee) 1 2
O :=dN u,H,—at e L7 () x H () ;||u||Loc(Q)<l .

We then deduce from (2.13) the

Theorem 3.3 The semigroup S(t) is dissipative in HY(Q)3, in the sense it possesses a bounded
absorbing set B1 C HI(Q)3 (i.e., VB C ®1 bounded, Aty = to(B) such that t > ty =
S(t)B C B1).

We now assume that

sgnj]:l F(s) =c, (3.24)

where ¢ is a constant (note that this holds for the thermodynamically relevant logarithmic
potentials). Then, S(¢) is a semigroup now (i.e. S(0) = [ (identity operator) and S(t + 1) =
S(t) o S(1), t, t > 0) defined on ®.

As a consequence of Theorem 3.3 and of (3.24), it follows from standard results (see, e.g.
[3,29,42,46]) that we have the following theorem.

Theorem 3.4 The semigroup S(t) possesses the global attractor A on ® (i.e. A is compact in
H! (R2) x L2(Q) X L2(Q), bounded in ®, invariant and attracts the images of all bounded
subsets of ® with respect to the topology ofol () x LZ(Q) X LZ(Q)).

Remark 3.1 In order to prove that one has the global attractor and, in particular, the attraction
property in the natural topology of the phase space ®, one would need additional regularity on
the solutions or the strict separation property from the singular values =1 which we are able to
prove it in two dimensional space (see Section 5 below). We can also note that it follows from
(3.23) that we can extend, in a unique way and by continuity, the semigroup S(#) to the closure
of @ in the H ™! () x LZ(Q) X LZ(Q)-topology, namely to

= oH 00 12
&= 1w H S0 ) € 1@ x H@ lullie) < 1

The corresponding semigroup again possesses the global attractor which is precisely A.

4 Further Regularity Results

In what follows, we set V = H& (€2). We also denote by V' its dual space and by || - ||y its
norm.
We can decompose the singular potential F' as

F(x) = S(x) — %Oxz,
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with
lim S'(x) = —oco, lim §'(x) =400, §"(x)>60>0, Vxe(—1,1) 4.1)
x——1 x—+1
and we let

0—60y=a>0. “4.2)

We report here below a Trudinger—Moser type inequality (see, e.g., [44]) which will be
needed later.

Lemma4.1 Let Q be a bounded smooth domain of R2. Then, there exists a positive constant C
such that

/ eldx < CeC”””%/, YueVv. 4.3)
Q

Let us now define the free energy functional

Ew) =+ (nun2 2 [ P ds+ 1HIP - 20 u>>+H3—H g HLH ’ )
2 H'(Q) o ’ at ot |_1)°
4.4)
Rewriting Eq. (1.16) in the equivalent form
du
=, @.5)
w=—Au+u+F(u)—H. (4.6)

Theorem 4.1 Let ug € V such that F(ug) € Ll (R2). Then, there exists a unique solution
u € C([0, T1, V) which fulfills the dissipative estimate
Eu(t), H(l),atH(l))+/ {IIVH(T)II + HW(T) }dr
t -1

< E(ug, Ho, Hy), ¥t > 0. 4.7)

2 laH

+ ‘ W(T)

Proof The existence and uniqueness of the solution can be proved in the same way as in section
3. Therefore, we confine ourselves only to the proof of (4.7).
We start by differentiating Eq. (1.16) with respect to time to find

0 du du  du , ou O0H

YN St Py N i o _ 2t

(=4) at ot Aaz + ot 1w ot ot’ 4.8)
u

EZO on T, 4.9)
u

Multiplying (4.8) by tE, then using (1.25), we obtain

L d t ’ +1
2 dt _1

ou 2

B

ou
dat

du

ot

+ct

-1

2 1
<
ar

2 9H du
+r((¥, 5)) (4.10)
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Employing the interpolation inequality

u || S| Ou ou
arll ~ arl_y | ar
ENE 1‘ u |2
<= +5|ve]|
ar |y 2| or
we find
1d [ |ou]? du || u |? du || oH |?
- t‘i‘ —l—ct‘—u \7’1 RPN et +H7 . @11
2 dt ot | _; o g 21011 ot | ot

We deduce from (2.15)—(2.16) (which hold when N — +0o0), (4.11), and Gronwall’s lemma
that

2ol <

Q(”“O”Hl(g), ”H()”HI(Q) I1H{ ”Hl(Q)) t e (0,11 (4~12)
1

a
Multiplying (4.8) by 8—1: and using (1.25) and an interpolation inequality, we have

2 2
<(5+]
H'(Q)

Finally, we conclude from (4.12), (4.13) and Gronwall’s lemma that

au |2

d
= 71). (4.13)

dr

ou
ar

ou
Jat

oH
ot

C ’
-1

20|

< eC’Q(HuoIIHl(Q), ”HO”HI(Q)v ”HIHHI(Q))y t>1, (4~14)

where Q denotes a monotone increasing function.
Integrating now (4.13) between ¢ and ¢ 4 1 and using (4.14), we find

/'t+l
t

ou
fort > 1. Therefore, m € L2(t t+1; H! (R)).
Then, Eq. (4.5) is equivalent to

du |2

E dt < eCtQ(||u0||H1(Q), ”HO”Hl(Q)v | Hy ”[-[l(Q))v (4-15)

H'(Q)

((ur,v)) +((Vu, Vo)) =0, Yve H(}(Q). (4.16)

Using equation (4.16) and the standard chain rule in L2(0, T:V)n HI(O, T; V'), we get
the energy equality
2 N oOH 2
ar ||_

d , |oH
S &, H, 3 H)+ |V =
= (u (H) + IVl +H9
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and it follows from the Gronwall lemma that

t+1 ) oOH
£, H(). 8 H()) + /t {nvw)n +‘ = H—(r) 1}dt

< E(ug, Hy, Hy), VYt > 0. “4.17)

]

In the sequel, according to (4.17), the generic positive constant C may also depend on the
initial energy £(uq). In particular, we will use

2 OH 2
5o

t+1 5 OH
Sy, H(D). 0 H() + / {nvw)n + HW”) 1
t _

}drgC, vt > 0.

Theorem 4.2 Let the assumptions of Theorem 4.1 holds. Then, there exists a positive constant
C such that
lullpooqr, vy < C, Vi1 (4.19)

and
””l”LOO(],t;V/) + ”ul”Lz(Z,t+l;V) <C, Vi > 1. (4.20)

Proof Testing (4.5) by ;, we have

§E||V,U«|| + ((ug, p1e)) = 0. 4.21)

We observe that 1 1
(T 5||u,\|2 + §||Vut||2 — Cllugl?, - C'. (4.22)

Setting
1 2
V() = 3 IVll~,

we end up with the differential inequality

d

< Clluglly, +C'. (4.23)
Therefore, the uniform Gronwall lemma leads to
W) <C, Ve > 1.
In particular, we have the bound
liellLooqr,evy < €, Ve 21,

which, in turns, gives

||uf||L°°(l,l;V’) <C, Vit > 1.
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The desired conclusion, (4.20) follows from an integration in time of (4.23) on the time interval
(t,t + 1), t > 1, combined with the previous inequality. O

Remark 4.1 The proof of Theorem 4.2 is formal, but it can be justified within a Galerkin scheme
as in the proof of Theorem 3.1. More precisely, all the computations can be regorously performed
within the Galerkin scheme. Given that F” is controlled from below, the estimated turn out to
be independent of the approximation parameter and a final passage to the limit gives the result.

5 The Strict Separation Property in Two Dimensions

The main result of the paper reads as follows.

Theorem 5.1 Let n = 2 and the assumptions of Theorem 4.1 hold. In addition, we require that
S satisfies
18" (x)] < CISWIHC vy e (—1, 1), (5.1)

for some positive C and S is convex. Then, there exists § > 0 such that
lu®) o) < 1-38, Vi >2. (5.2)

The proof is based on some technical lemmas and on additional assumptions on the singular
part of F which are fulfilled, for instance, by the logarithmic free energy (1.20).

Lemma5.1 Let the assumptions of Theorem 5.1 hold. Then, for any p > 1, there exists a
positive constant C depending on p such that

IS” @)l e, e+1;00 @) < C, Ve =1 (5.3)
Proof Equation (1.16) can be written in the equivalent form
—Au+Sw=q, (5.4)

where 9
i = —(—A)_la—l:—f—H—u—i—Gou. (5.5)

For any L > 0, we consider
g =S (LSl
We observe that
Vg = ") [1+ LIS )] M5 @l vu,
Then, we consider Eq. (5.4) and test it with g. This yields
/Q Vi - VuS" @) [1+ LIS @)]] =15 @l dx + /Q S'(u)S u)eHS 01 dx

— f S (w)eEIS @l gy
Q
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Using the convexity of S” with a generalized Young’s inequality [1] and applying (4.3), we
obtain that
/ S'u)2el1S Wl gy < (5.6)
Q

where C depends on L. On account of (5.1), we observe that, for any p > 1,
15" ()P < ePE(C +18' (0)2ePCIS @) v e (=1, 1), (5.7)

Combining finally (5.1) with (5.6) and (5.7), taking L = pC, we deduce that

IS e i+1:L0(@)) < C(p), Vi > 1.

O

Lemma5.2 Let the assumptions of Lemma 5.1 hold. Then, there exists a positive constant C
such that

|lus ||L°°(2,I;L2(Q)) + |lus ”Lz(t,H'lZHz(Q)) <C, vVt >=2. (58)
Proof Differentiate equation (4.5) with respect to time, we obtain

el
au; = Ath. (59)

Multiplying (5.9) by u;, we find

1d d

a1V P+ Aug ) = 00|V |2 — ((Hy, AMt)H‘/ — (")) Auyg dx. (5.10)

2 dt Q dt
We observe that,

1
|((Hy, Aup))| < | H [l Auy || < ZnAu,nz +C

and

d 1
/ (S wy) Ay dx = / S (g Aug dx < ~ | Vag |2
Q dt Q 2
1 2 1/ 4 2
18w IR + el @l s g

Therefore, Eq. (5.10) becomes

1d 1 1
5 e+ S IVl 4 Sl Au P < ellS" @l g el + Boll Va2 + ¢, (5.11)
where ¢ depends on p. Furthermore, by interpolation

1
00lIVurll gy < g 1Al +cllug?, e > 0.
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Therefore, it follows
Ll + 20vie i Dy aue? < et 418" @I 4 o) e + ¢ (5.12)
2 dt t D) t 4 t X L4(Q) t . .

Using (5.3) and the uniform Gronwall lemma on (5.12), we obtain the desired result. O
We now have all the ingredients to show the strict separation property.

Proof of Theorem 5.1 We consider the elliptic equation (5.4). Due to Lemma 5.2 and the elliptic
regularity, ft satisfies
Lo @x @2,y < C, VYt =2

Testing (5.4) by |8’ (u)|P~2S8' (), we get

(p— 1)/ |S/(u)|p—2s//(u)|Vu|2 dx + ||S/(u)||€p(9) :/ ﬁ\S/(u)|p_2S/(u) dx.
Q Q

Noting that the first term is non-negative, integrating in time from ¢ to ¢ 4+ 1 and an application
of the Holder inequality, we have for all t > 2

15"l Lr@x 41 < N2llLr@xi+1) < ClitlliLe@x,i+1) < C.
where C is independent of p and . Applying Theorem 2.14 in [1], we obtain
IS" @)l Lo (@ 1.1+1)) < €y Vi =2,
This implies that there exists § > 0 such that
lullpoo@x(r,e+1)) < 1 —96, Vi =2.
Since u belongs to L°°(0, t; L°°(2)) for all ¢ > 0, we also infer that
lullpoo@,no0)) <1 -8, Vi =2

Finally, we deduce (5.2) from the continuity in time. O

6 Discretization of the Conserved Caginalp Phase-Field System

We note that the system (1.16)-(1.17) is equivalent to the following system :

2—? —Au =0,
—eAu+u+—-f(u)—H = pu,
2H  oH (6.1)
(I — A) (Taﬂ + az) — AH = —Au,

uly=o = fulx,y,0), Hl=o

oH
fH(X,y,OX Wlt:():gl‘[(xﬁyvo)ﬂ
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where, in this section, we present the spatial discretization of (6.1) using finite element method
with P; continuous piecewise linear functions and a first-order semi-implicit scheme for the
time marching scheme.

6.1 Spatial Discretization

We let €2 be a convex, planar domain and T}, be a regular, quasi uniform triangulation of €2 with
triangles of maximum size & < 1. Setting Vj, = {vy, € c%Q); vplT, € P1(Ty), VT € Ty} a

finite-dimensional subspace of H 1(Q) where Py is the set of all polynomials of degrees < 1
with real coefficients and we consider the weak formulation of (6.1):
Find uy,, uj, Hy € Vj, such that, Vo, € Vy,,

((%h — Aptp, ¢h>> 0,
(( —eAuy, -;uh + 1f(uh) - Hh»d’h))) ((Mh ¢h>> o)
<<(ld—A) (taa;lh +38[h> —AHh,¢>h>> — <(Auh,¢h>>,

JdHy,
Upli=0 = fup(x,y,00> Hnle=0 = fH,(x,y,0)s TI::O = &Hj(x,y.,0)-

6.2 Time Marching Scheme

We discretize system (6 2)i 1n tlme using a first-order semi-implicit scheme. To this end, let us
denote by (u , '“h+ Hh ) and (u}}, wy, H}') the approximate value at time ¢ = "1 and
t=1", respectlvely, and by §¢ the time step. Then, owing to (6.2), the unknown fields at time
1 = "1 are defined as the solution of:

(s ) ()
(((,,,"H (1d — Ay 4 Hg+1;¢h)>=((1-f<uz);¢>h>),
&

(( ((r 180 (Iy — A) — 812 A) HIH s aul ¢h>>

= (((zr +80) - (Ig = A Hf' =7 (Ig = A) H,j”l;dm)),

-1 -1
Upli=0 = fup(ry,00»  Hp =0 = fH,(c,y,00» Hjli=0 = H " li1=0 + 87 - g1, (x,y,0)»

in which (6.3) can be written equivalently in the following matrix form (AX = B):

Iy NG 0 ul ™! Fu})
—(Ig—eD)()  Ia Iy wit = G@l) (6.3)
SI7A() 0 (@+80Ua—2A)=82-A)() H;H H(H], H' ™D,

where
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Flug) = uj
Gup) = - - fwp):; (6.4)
H(H]' H'™") = Qu+680) - (Ig — M) H' — v (I — A) H .

7 Numerical Simulations

We perform several numerical simulations using the FreeFem++ software [23], comparing the
conserved Caginalp phase-field system (6.3)—(6.4) with the cubic nonlinear term f (s) = s3—.8s
. 14+
and the logarithmic one f(s) = —2«kgs + «1 In (1—S> when (kg, 1) = (In(3),0.8). We
s

compute the propagation in a square [0, 1] x [0, 1] of an initial random function for u between
[—1, 1] and a constant enthalpy H = .1 and we take fg(x,y,0) = .1, gg(x,y,0) =0and a
periodic boundary condition for # and H.

1 1 1

—, —, —, and we take
32 64 128

We will consider three cases for the space discretization, x € {

£ = dx and 8t = £3.

In order to compare the conserved Caginalp model for both potentials, we plotin the following
Figs. 2, 3,4, 5, 6 and 7 the solutions u, H in 2D, a cut of the solutions for x = .5or y = .5, the
minima and maxima of # and H during the simulation, their corresponding mass conservation
and energy with different values of éx. We also use the parallelization mpi of our script using
Petsc [26] in order to converge rapidly to the final solution; thus, for 6x = 1/32, we use 3
processors, for x = 1/64, we use 8 processors and, for x = 1/128, we use 11 processors.

As far as the Cahn—Hilliard equation is concerned, it is known that its solution converges to
one steady state solution which is either a straight line between —1 and 1 or a circle between
—1land 1.

Interestingly, in our case, we instead observe a time periodic solution for u, due to the
influence of the enthalpy H. More precisely, when the solution u first converges to its steady
state solution, either circle or straight line, # and H then start to propagate in the same direction,
either from right to left as in the case of Fig. 3, downward as in the case of Fig. 7, right to left
as in the case of Fig. 2, left to right as in the case of Fig. 6 or, when we have a circular steady
state, from top left to lower right as in Fig. 5 and from lower right to top left as in Fig. 4.

We can see that we indeed have the mass conservation for u in all cases and the energy
decays until the solution converges to the steady state and then starts to oscillate due to the time
periodic solution.

We can see that the solution u converges to —.9 and .9 for the polynomial potential and
converges to —0.8 and 0.8 for the logarithmic potential; the enthalpy H has a similar behavior
for both potentials, whereas, concerning the energy, we do not obtain same values, due to the
fact that the maximum of the double-well potential differs between the logarithmic potential
1.1 and the polynomial one .1.

Acknowledgements The authors wish to thank the referees for their careful reading of the manuscript and
many useful comments which helped improve it.
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